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1. Introduction 

We continue the investigations started in [TJ, [T3] . Let G — C n © C n with n > 2. We say that G has 
Property B if every minimal zero-sum sequence S over G of length \S\ = 2n — l contains an element with 
multiplicity n — 1. The aim of the present paper is to prove the following two results. 

Theorem. Let G = C mn © C mn with m, n > 3 odd and mn > 9. If both C m © C m and C n © C n 
have Property B, then G has Property B. 

Corollary. Let G = C ni © C n2 with 1 < m | n%, and suppose that, for every prime divisor p ofm, 
the group C p © C p has Property B. Then C ni © C ni has Property B ; and a sequence S over G of length 
D(G) = n\ + 7i2 — 1 is a minimal zero-sum sequence if and only if it has one of the following two forms : 

ord(e fc ) 

S ~ e° ld ' e '' 1 1 Yl (XvCj + Zk), where 

v=\ 

(ei,e2) is a basis of G with ord(ei) = n, for i € {1,2}, {j, k} = {1,2}, xi, . . . , £ rd(e fc ) G 
[0, ord(ej) — 1], and x± + ... + ^ rd(e fe ) = 1 mod ord(ej). 

n2+(l— s)ni 

S = gT ll ~ 1 II (-^.9i+52), where 

{51,32} is a generating set of G with ord(# 2 ) = n 2 , Xi, . . . ,x n2+ ^_ s ) ni e [0,m - 1], x\ + . . . + 
x n 2 +(i-s)n 1 = n,i — 1, s £ [1, na/jii], and either s — \ or nigi = ri2<72- 

Thus Property B is multiplicative, and if G = C ni © C„ 2 with 1 < n± \ n 2 is a group of rank two, and 
for every prime divisor p of n\ the group C p © C p has Property B, then the minimal zero-sum sequences 
of maximal length over G are explicitly characterized. 

In Section [21 we fix our notation and gather the necessary tools (apart from former work on Property 
B and classical addition theorems, we use a confirmed conjecture of Y. ould Hamidoune, see Theorem 
12. 7p . Section [3] contains some straightforward lemmas. The proof of the Theorem consists of two major 
parts: the first is given in Section |4] and the second, more involved one, is given in Section [5l 

The Corollary is mainly based on the Theorem above, on former work of the authors [S], and on recent 
work by Wolfgang A. Schmid [TS]. Its proof only needs a few lines and is given in Sectional 
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2. Preliminaries 



Our notation and terminology are consistent with [7] and [3] ■ We briefly gather some key notions and 
fix the notation concerning sequences over abelian groups. Let N denote the set of positive integers and 
let No = N U {0}. For real numbers a, b £ R, we set [a, b] — {x £ Z | a < x < b}. Throughout, all abelian 
groups will be written additively. For n E N, let C n denote a cyclic group with n elements. Let G be 
an abelian group. 

Let A, B C G be nonempty subsets. Then A + B = {a + b \ a E A,b E B} denotes their 
sumset and A — B = {a — b \ a E A,b E B} their difference set. The stabilizer of A is defined as 
Stab(A) = {g E G | g + A = A}, and A is called periodic if Stab(A) ^ {0}. 

An s-tuple (ei, . . . , e s ) of elements of G is said to be independent if ^ for all i G [1, s] and, for 
every s-tuple (mi, . . . , m s ) £ Z s , 

m\e\ + . . . + m s e s = implies m,\e\ = . . . = m s e s = . 

An s-tuple (ei, . . . , e s ) of elements of G is called a basis if it is independent and G — (ei) © . . . (e s ). 
Let G — C n @ C n with n > 2, and let (ei, e2) be a basis of G. An endomorphism ip: G G with 



(^(ei), </3(e 2 )) = (ei,e 2 ) • 




where a, 6, c, d G Z , 



is an automorphism if and only if (t/?(ei), <£>(e2)) is a basis, which is equivalent to gcd(ad — be, n) = 1. If 
fx E G with ord(/i) = n, then clearly there is an fi G G such that (/i, fq) is a basis of G. 

Let .F(G) be the free monoid with basis G. The elements of T(G) are called sequences over G. We 
write sequences S G ^(G) in the form 

S= J|.9 Vs(S) , with v g (S*)GN for all 9 6G. 
gee 

We call Vg(S) the multiplicity of g in 5 1 , and we say that S contains g if v g (S) > 0. A sequence Si 
is called a subsequence of S if Si\S in ^(G) (equivalently, v 9 (5i) < v g (S') for all g E G). Given 
two sequences S, T E ^(G), we denote by gcd(5, T) the longest subsequence dividing both S and T. If a 
sequence S E J~(G) is written in the form S = gi -. . .-<?;, we tacitly assume that Z G No and g%, . . . ,gi E G. 

For a sequence 

S = 91-----91 = IL9 MS) e ^( G )' 
sec? 

we call 

\S\=l = Y^ v g {S) E No the length of 5 , 
geG 

h(S) = max{v ff (S) | g E G} G [0, |5|] 

the maximum of the multiplicities of S 1 , 

supp(S') = {g E G v g (S) > 0} G G the support of S , 
i 

cr(S) = 2_[,9i = y g(S)9 G ^ the swm of 5, 

i=l gGG 
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^(S) ={Y,9i | /C M with l J l = k } 

iei 

the set of k-term subsums of S , for all k G N , 

£< fe (S) = |J 2,(5), E> fc (S) = |JS J -(S) ) 
ie[i,fc] j>fe 

and 

T>(S) = S>i(5) the set of {alt) subsums of 5. 

The sequence 5 is called 

• zero- sum free if ^ £(<?), 

• a zero-sum sequence if er(S') = 0, 

• a minimal zero-sum sequence if 1 ^ 5, <r(S') = 0, and every S'\S with 1 < \S'\ < \S\ is zero-sum 
free. 

We denote by -4(G) C J-(G) the set of all minimal zero-sum sequences over G. Every map of abelian 
groups ip: G — > H extends to a homomorphism tp: J~(G) — > J~{H) where y(S') = <p(gi) • . . . • <p(gi)- 
We say that <£> is constant on S* if tp(gi) = . . . = tp(gi). If <^ is a homomorphism, then y(S') is a zero-sum 
sequence if and only if cr(S) G Ker (ip). 

Definition 2.1. Let G be a finite abelian group with exponent n. 

1. Let D(G) denote the smallest integer Z G N such that every sequence S G ^"(G) of length |5| > I 
has a zero-sum subsequence. Equivalently, we have D(G) = maxjl^l | 5 G -4(G)}), and D(G) is 
called the Davenport constant of G. 

2. Let 77(G) denote the smallest integer I G N such that every sequence S G !F(G) of length \S\ > I 
has a zero-sum subsequence T of length \T\ G [1, n]. 

3. We say that G has Property C if every sequence S over G of length |5| = 17(G) — 1, with no 
zero-sum subsequence of length in [l,n], has the form S = T n ~ x for some sequence T over G. 

Lemma 2.2. Let G = C ni © G„ 2 i/ra/j/i 1 < n\ \ n?. 

1. PFe Ziaue D(G) = ri\ + n 2 — 1 and 17(G) — 2n\ + n 2 — 2. 

2. // rii = ri2 and G has Property B, then G has Property C. 

Proof. 1. See Theorem 5.8.3]. 

2. Sec [5, Theorem 6.2] and [6, Theorem 6.7.2. (b)]. □ 

Results on 77(G) for groups of higher rank may be found in recent work of C. Elsholtz et.al. ([U[3]). 

Lemma 2.3. Let G = C„ G„ with n>2. 

1. Then the following statements are equivalent: 

(a) If S G T(G), \S\ = 3n — 3 and S has no zero-sum subsequence T of length \T\ > n, then 
there exists some a G G such that 0" a n | 5. 

(b) If S G J~(G) is zero-sum free and \S\ — 2n — 2, then a n ~ 2 | S* /or some a G G. 

(c) If S E A(G) and \S\ = 2n-l, then a"" 1 | 5 /or some a G G. 
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(d) If S E -4(G) and \S\ = 2n — 1, then there exists a basis (ei,e2) of G and integers 
acj, . . . , x n E [0, n — 1], iwira sci + . . . + x n = 1 mod n, suc/i i/ioi 

2. Let S 1 € -4(G) be of length \S\ — 2n — 1 and ei E G ««f/i v ei (5) = n — 1. If {e-i, e' 2 ) is a basis of G, 
then there exist some b E [0, n — 1] and a' 1; . . . , E [0,n— 1], mi/i gcd(6, n) = 1 and X)"=i a 'i/ = 1 
mod n, such that 

n 

S = er 1 UKe 1 + be' 2 ). 

3. If S E .A(G) /ias length \S\ = 2n — 1, i/ien ord(g) = n /or a/Z g E supp(5). 

Proo/. 1. See Theorem 5.8.7]. 

2. This follows easily from 1; for details see Proposition 4.1]. 

3. See [9, Theorem 5.8.4]. □ 
The characterization in Lemma 12.31 1 gives rise to the following definition. 

Definition 2.4. Let G = C n © G„ with n > 2. 

1. Let T(G) be the set of all S E A(G) for which there exists a basis (ei,e2) of G and integers 
aci, . . . , x n E [0, n — 1], with x% + . . . + x n = 1 mod n, such that 5 = e"^ 1 YYl=i( x ^ e i + e 2)- 

2. Let T U (G) be the set of those S E T(G) with a unique term of multiplicity n — 1, and let 
T nu (G) = T(G) \ T„(G). 

Thus, by Lemma |2~3"U . a group G = G n ©G n with n > 2 has Property B if and only if -4(G) = T(G). 

Lemma 2.5. Lei G = G mn © G„ m with m, n > 2, let S E -4(G) be of length \S\ = 2mn — 1, and let 
tp: G —> G denote the multiplication by m homomorphism. 

1. tp(S) is not a product of 2m zero-sum subseguences. Every zero-sum subsequence T of <p(S) of 
length \T\ E [l,n] has length n, and ^ supp(<y9(S')). 

2. S may be written in the form S — Wq • . . . • W2 m -2, where Wo, . . . , E F(G) with \Wq\ = 
2n-l, |Wi| = ...= |W2m-2|=n and a{W ), . . . , a(W 2m - 2 ) E Ker(<p). 

Proof. See [5J Lemma 3.14]. □ 

The following is the Erdos-Ginzburg-Ziv Theorem and the corresponding characterization of extremal 
sequences. 

Theorem 2.6. Let G be a cyclic group of order n > 2 and S E !F(G). 

1. // \S\ >2n- 1, then E S n (S). 

2. If \S\ = 2n - 2 and £ E„(5), iAen 5 = g^/i"" 1 /or some g, h € G with ord(.o - h) = n. 



INVERSE ZERO-SUM PROBLEMS III 



5 



Proof. 1. See [S Corollary 5.7.5] or [TJ Theorem 2.5]. 

2. See [21 Lemma 4] for one of the original proofs, and [8j Section 7. A]. □ 

The following result was a conjecture of Y. ould Hamidoune confirmed in [10[ Theorem 1]. 

Theorem 2.7. Let G be a finite abelian group, S £ 3~(G) of length \S\ > \G\ + 1, and k G N with 
k< |supp(S)|. 7/ h(5) < |G| -fe + 2 and £ E ]G |(5), tfien |S ]G |(5)| > |<ff| - |G| + fc - 1. 

3. Preparatory Results. 

We first prove several lemmas determining in what ways a sequence S £ T(C m © C m ), where m > 4, 
can be slightly perturbed and still remain in T(C m C m ). These will later be heavily used in Section^ 
always in the setting where K — Ker(tp) and (p: G — > G is the multiplication by m map. 

Lemma 3.1. Let K = C m ®C m with m> A, let g£K, and let S = f^ 1 H™ =1 (x v fi + f 2 ) £ T U (K) 
with Xi, . . . , x m £ 7L. 

1. LfS' = fi 2 S(f-L + g){fi -g)£ T(K), then g = and hence S = S' . 

2. LfS 1 = ft\x i fx+h)- 1 S(h +g)(xjfi+h-g) £ T{K), then g £ {0, ( Xj - l)/i + / 2 } and hence 
S = S'. 

3. IfS' = {x 3 h+ f 2 )- 1 {x k f 1 + h)- 1 S{x ] f 1 + f 2 +g){x k h+ f 2 - g) £ T{K) with h k £ [l,m] distinct, 
then g £ {fi). 

Proof. 1. Assume to the contrary that j / and thus S ^ S'. Then \tf 1 (S') < m — 1 and, since 
S £ T U (K), it follows that there is some j £ [l,m] such that (xjfi + / 2 ) m_1 | S' , (a^/i + / 2 ) m ~ 3 | S, 
and acj/i + / 2 = f\ + .a. If we set / 2 = Xjfi + f 2 , then 5 = ECLi^!/ - + / 2 )> and tnus 

we may assume that f 2 = / 2 . Then f 2 = fi+g and f\ — g = f 2 — 2g = 2/1-/2- Since m > 4, 
it follows that /1 I S'. Since S' £ T(K), / 2 m_1 \ S' and / x ,2/i - / 2 G supp(S") \ {/ 2 }, it follows that 
(2/i - /a) - h = fl~ h G (/2), a contradiction. 

2. After renumbering, we may suppose that j = n. If /" l 1 \S' then fi + g = f\ or x n /i + / 2 — g = fi, 
and 5" = 5. Otherwise, /" l_1 f S" and we shall derive a contradiction. Observe that we cannot have 
fi+g = x n fx + / 2 — g = xjfi + f 2 . Thus, since S' £ T(K) and S £ T U (K), it follows that (after 
renumbering again if necessary) either 

S' = fTHxfr + h) m - l {x n f x + h - 9){x n -xh + h) with h+g = x.h + f 2 , 

or 

S> = f™~\xh + / 2 ) m - x (/i + fl)(x n -i/i + h) with !„/! + f 2 -g = xh + / 2 . 
In the first case, we have (x n fi + f 2 — g) = (x n — x + l)/i and hence f™~ 2 {{x n — x + l)/i)|S". However, 
since (x n — x + l)/i = (x n fi + / 2 — g) 7^ /1, it follows that f™~ 2 ({x n — x + l)/i) is not zero-sum free, a 
contradiction. In the second case, one can derive a contradiction similarly. 

3. Since m > 3, f™" 1 | S' and S" G T{K), it follows that (x^/i + f 2 + g) - (xifi + f 2 ) £ (/i>, where 
I ^ j, k, and hence g £ (fi). □ 
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Lemma 3.2. Let K = C m C m withm>±, geK and S = fT^fT^ih + h) G ^nu(K). 

1. // S> = f^ 2 S(h + g){h - 9) G T(A-), tAen <? £ (/ 2 ). 

2. // 5' = fz 2 S(f 2 +g)(f 2 -g)e T(K), then g G (/i). 

3. // 5' = f^f^Sih + ff )(/ a - g) G T(jr), tten S = S' and g G {0, - ft + f 2 }. 

4. // 5' = fr\fi + f2)- 1 S(f 1 + g){h + /a - g) G T(^), taen g e (/ 2 >. 

5. // 5' - fz\h + f 2 )- 1 S(f 2 + g)(fi +h-g)€ T(K), then g G (fx). 

Proof. 1. Since J™" 1 | S" and S" G T(if), it follows that fi+g- (fx + / 2 ) G (/ 2 >, whence g € (/ 2 >. 

2. Analogous to 1. 

3. If | S" or J™" 1 | 5', the result follows. Otherwise, to > 4 and h(S') = m - 1 imply that m = 4 
and fi+g = fi — g = fi + fi, a contradiction. 

4. Since to > 3, it follows that /i | S". Now we have J™" 1 | S" and 5' G T(K) so that (fx+fi-g)-fx G 
(/ 2 ), implying g G (/ 2 ), as desired. 

5. Analogous to 4. □ 



Lemma 3.3. Let K = C m © C rn with m > 4, g & K and S = f"^ 1 f 2 l ~ 1 {fi + /a) G T nu (K). 

1. // 5' = f{ 2 S(fx + g){fi - g) G T„„(iT), i/ien g = 0, and Zience 5 = S' . 

2. // 5' = f 2 2 S(f 2 + g)(fi - g) G T„„(iT), tfien g = 0, and hence S = S' . 

3. // S' = f^f^Sih + g)(f 2 -g)e T nu (K), then g G {0, -fx + f 2 }, and hence S = S' . 

4. // S' = fr\fi + f2)- 1 S(f 1 + g)(h + f 2 - g) G T nu (K), then g G {0, f 2 }, and hence S = S' . 

5. // S' = f 2 -\h + f2)- 1 S{f 2 + g)(h + f 2 - g) G T rm (K) , then g G {0, A}, and hence S = S' . 

Proof. 1. Assume to the contrary that g ^ and S ^ S'. Since S" G T nu (K) and m > 4, we get 
fx + g = fx — g = fx + fi and hence — 2/ 2 = 2g = 0, a contradiction. 

2. - 5. Similar. □ 

Next we prove two simple structural lemmas which will be our all-purpose tools for turning locally 
obtained information into global structural conditions on S. They are also the reason for the hypothesis 
of m and n odd in the Theorem. 

Lemma 3.4. Let G be an abelian group, a G G with ord(a) > 2, and S, T G F(G) \ {1} with 
|supp(S)| > |su PP (T)|. 

1. // supp(S) - supp(T) = {0}, then S = gl s l and T — g' ' , for some g G G. 

2. If supp(<S) — supp(X') C {0, a}, then S = g"(g + a)^ s ^ s and T = g' T ', for some g G G and 
sG [0,|5|]. 

3. If \S\, \T\ > 2 andULi( E *( 5 ') -^( T )) c {°. a }^ then either S = g^- 1 (g + a) andT = g\ T \ , or 
else S = and T = g' T ', for some g G G. 

Proof. Note that Si(5) = supp(5) and that all hypotheses imply supp(5*) — supp(T) C {0, a}. Since 
ord(a) > 2, it follows that {0,a} contains no periodic subset, and thus Kneser's Theorem (see e.g., [SJ 
Theorem 5.2.6]) implies that 

2 > |supp(S*) - supp(T)| > |supp(S*)| + |supp(T)| - 1 . 
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Therefore we get |supp(S')| < 2 and |supp(T)| = 1. Items 1 and 2 now easily follow. For the proof of 
part 3, we apply 2, and thus we may assume that supp(S') C {<?, (g + a)} and T = g> T >. Now if item 3 is 
false, then (g + a) 2 | S, whence 

2 

2a = ((g + a) + (g + a)) - (g + g) G \J(MS) " S *C0) c {°> a l> 
contradicting that ord(a) > 2. □ 

Lemma 3.5. Let G be an abelian group and let S G 3~(G). 

1. Ifk G [1, |5| - 1] and I^S 1 ) < 2, tfien |supp(5)| < 2. 

2. If k e [2, |5| — 2] and |Sfe(5)| < 2 and S/ S (S') is not a cosef o/ a cardinality two subgroup, then 
either S — .g' 5 ' or S — g^ s ^ 1 h, for some g, h G G. 

3. If he [1, |5| - 1] and IS^S 1 )! < 1, t/ien 5 = gl s l /or some geG. 

Proof. 1. Assume to the contrary that |supp(S')| > 3, and pick three distinct elements x,y,z G supp(5 f ). 
If k = \S\ - 1, then S| S |-i(5') = a(S) - Si (5) and hence |S| 5 |_ 1 (5')| = |supp(5)| > 3, a contradiction. 
Therefore k < \S\ - 2. Let T be a subsequence of {xyz^S of length \T\ = k — 1 < \S\ — 3. Then 
{x, y, z} + <r(T) is a cardinality three subset of T,k(S), a contradiction. 

2. By 1, we have S = g Sl h S2 , with si,s 2 G No, Si > s 2 and g, h E G distinct. Assume to the contrary 
that S2 > 2. Since S|s|_/ s (S l ) = cr(S') — Sfe(S'), it suffices to consider the case k < ^\S\, and thus we have 
si > t;\S\ > k > 2. Hence the elements kg, (k — l)g + h and (k — 2)g + 2h are all contained in Efc(S'). 
Thus, since |Sfc(S')| < 2 and g ^ h, it follows ord(/i — g) = 2 and Efc(S) = fcg + {0, ft- — .g}, contradicting 
that Xfc(S') is not a coset of a cardinality two subgroup. 

3. If the conclusion is false, there are distinct x,y £ G with xy\S, and then {a;, y}+a(S') is a cardinality 
two subset of Efe(S') for any S'Krcj/)- 1 ^ with < |S"| = k- l<\S\-2. □ 



4. On the Structure of ip(S) 

Definition 4.1. Let G = C mn © C mn with m, n > 2, let 5 G -4(G) with |5| = 2mn - 1, and let 
if: G — > G be the multiplication by m homomorphism. Let 

fi'(S) = 0' = {(Wo, W 2m _ 2 ) G ^(G) 2 " 1 - 1 | 5 = Wb ■ . . . ■ W 2m _ 2 , 

CT(Wi) £ Ker(<^) and |W| > for all i G [0, 2m - 2]} 

and 

0(5) = = {(Wo, . . . , W 2m _ 2 ) G O' | |Wi| = .. . = |W 2m _ 2 | = n} . 

The elements (Wo, . . . , G fl'(S) will be called product decompositions of 5. If W G 0', we 

implicitly assume that W = (Wo, . . . , W 2m _ 2 ). 
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By Lemma [531 ^ ^ 0, and if W G fi, then cp(Wo), ■ ■ . , </?(VF 2m _ 2 ) are minimal zero-sum sequences 
over <p(G). Proposition 14.21 below shows that <p{S) is highly structured. We will later in CLAIMS A, B 
and C of Section 5 (with much effort) show that this structure lifts to the original sequence S. As this lift 
will only be 'near perfect' (there will be one exceptional term x\S for which the structure is not shown 
to lift), we will then, in CLAIM D of Section 5, need Theorem 12.71 to finish the proof of the Theorem. 

Proposition 4.2. Let G = C mn © C mn with to, n > 2, and suppose that C n © C n has Property B. 
Let S G -4(G) with \S\ = Iran — 1, and let Lp: G — > G be the multiplication by to homomorphism. Then 
there exist a product decomposition (Wo, . . • , W2 m _ 2 ) of S and a basis (ei, e 2 ) of f(G) such that 

n n 

(i) v(wo) = e?- 1 n>- e i + and e k> n>^ ei + e2 )} ' 

v=\ i/=l 

where x\, . . . , x n € [0, n — 1], x\ + . . . +x n = 1 mod n, all Ci tl/ 6 [0, n — 1], and c^i + Ci )2 + . . . + = 
mod n for all i G [l,n]. In particular, 

Iran— in 

V {S) = ef- x J] (s„ ei + e 2 ), 

i/=l 

where £ G [1, 2m — 1] and 2^ G [0, n — 1] /or a/Z v G [1, 2toji — £n]. 

Proof. If n = 2, then it is easy to see (in view of Lemma [53]) that |T]) holds. From now on we assume 
that n > 3. We distinguish two cases. 

CASE 1: For every product decomposition W G fl, there exist distinct elements g\, g 2 G <p{G) such 
that v 9l (<p(W )) = v g2 (<p{W )) = n - 1. 

Let us fix a product decomposition W G f2. By Lemma [2~3l there is a basis (ej., e 2 ) of y(G) such that 

n 

<p(W ) = er 1 n^ ei + e 2) 

where sci, . . . ,x n G [0, n — 1] andxi + . . . + x n = 1 mod n. Thus, by assumption of CASE 1, it follows 
that 

L P {W )^e^ 1 {xe l +e' 2 ) n - 1 {{l + x)e l +e' 2 ) with xe[0,n-l]. 

As a result, 

(ei,e 2 ) = (e 1 ,xe 1 + e 2 ) = (ei,e 2 ) • 

is a basis of ip(G) and 

^(W ) = e r 1 er 1 (ei+e 2 ). 
We continue with the following assertion. 

A. For every i G [1, 2to — 2], ip(Wi) has one of the following forms: 

e™, e™, (ei + e 2 ) n , (- ei + e 2 )™, (e x - e 2 ) n , e 1 (e 1 + e 2 ) n - 2 (e 1 + 2e 2 ),e 2 (e 1 + e 2 )"- 2 (2 ei + e 2 ) . 

Suppose that A is proved. If the two forms (ei — e 2 ) n and ei(ei + e 2 )"~ 2 (ei + 2e 2 ) do not occur, then 
(p(Wi) has the required form with basis (ei,e 2 ). If the two forms (— e\+e 2 ) n and e 2 (ei + e 2 )"~ 2 (2ei + e 2 ) 
do not occur, then y>(Wi) has the required form with basis (e 2 ,ei). Thus by symmetry, it remains to 
verify that there are no distinct i,j G [1, 2to — 2] such that 
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(i) <p(Wi) = ei(e x + e 2 )"- 2 ( ei + 2e 2 ) and <p(Wj) = e 2 {e x + e 2 )"- 2 (2 ei + e 2 ), 

(ii) <p(Wi) = ei(e x + e 2 )"- 2 (ei + 2e 2 ) and <p(Wj) = {-e x + e 2 ) n , or 

(iii) <p(Wi) = (ei - e 2 )" and ^(W,) = (-e x + e 2 ) n . 

Indeed, if (i) held, then (2ei + e 2 )(ei + 2e 2 )(ei + e 2 )"~ 3 would be a zero-sum subsequence of <p(WiWj) 
of length n — 1, contradicting Lemma [2.51 If (ii) held, then (— e\ + e 2 )(ei + 2e 2 )e2~ 3 would be a zero- 
sum subsequence of tp(WoWiWj) of length n — 1, contradicting Lemma [2.51 Finally, if (iii) held, then 
(ej — e 2 )(— ei + e 2 ) would be a zero-sum subsequence of ip(WiWj) of length 2, also contradicting Lemma 
12.51 Thus it remains to establish A to complete the case. To that end, let i £ [1,2m — 2] be arbitrary. 
Then h(<^(WoW,)) > n — 1, and we distinguish three subcases. 

CASE 1.1: h(^(WoW;)) > n. 

Then v g (^(Wol^i)) > n for some 5 S {ei,e 2 ,ei + e 2 }. If <? = ei + e 2 , then (p(Wi) — (ei + e 2 )". Now 
suppose that g G {ei, e 2 }, say g = e\. Then 

¥>(WoWi) = ej-^ei + ea)e? Y[ (cei + d„e 2 ) , 

i/=i 

where c^, £ [0, n — 1] for all v G [1, n — 1], and = 1 and g?„ = for some v G [1, n — 1]. By Lemma 

n-1 

Wo = e 2 _1 (ei +e 2 ) [J (c„ei + d„e 2 ) 

is a minimal zero-sum subsequence of f{S). Since W' contains two distinct elements with multiplicity 
n — 1 (by assumption of CASE 1), and since eijW 7 ^, it follows that cither 

W{,=e^- 1 e%- 1 (e 1 +e 2 ) or W£ = ex$T + e 2 ) n_1 • 

But in the second case, we would get <t(Wq) = — 2e 2 ^ 0. Thus Wq = e™~ 1 e 2 i ~ 1 (ei + e 2 ) and <p(Wi) = e™. 

CASE 1.2: h((^(WoWi)) = n. We distinguish two further subcases. 

CASE 1.2.1: <p(Wi) = g n for some 5 G <p(G) \ {e u e 2 , e x + e 2 }. 

We set g = ce% + de 2 with c, d G [0, n — 1], By Lemmas 12.21 and 12.51 it follows that ip(Wo)g n ~ 1 has a 
zero subsequence T of length \T\ — n and that (/p(WiW / o)T _1 is a minimal zero-sum subsequence of <p(S) 
of length 2n — 1, say 

^(WWo)T" 1 = e|el(ei + e 2 ) s ( cei + de 2 )\ 

where q >1, r > 1, s > and t G [1, n — 1]. 

Since 7^ ei + e 2 , we infer that s < 1. If s = 1, then, by assumption of CASE 1, we get 

2n - 1 = \ W. 1 WqT~ 1 \ = q + r + s + t>l + (q + r + t)>l + (n-l + n-l + l)>2n-l, 

a contradiction. Hence s = 0. Again, by assumption of CASE 1, we have the following possibilities: 

• q = r = n — 1 and 4 = 1. 

• g = t = n — 1 and r = 1. 

• g = 1 and r = t = n — 1. 
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If q = r = n — 1 and t = 1, then ^((^(WgWi)! 1-1 ) = implies that g = e\ + e 2 , a contradiction. If 
q = t = n — 1 and r = 1, then cr^WgWi)! 1 ^ 1 ) = implies that g = ei — e 2 and <£>(Wj) = (ei— e 2 ) n . Finally, 
if q = 1 and r = £ = n— 1, then o-(<p(WoWi)T _1 ) = implies that g = —e\ + e 2 and y(Wi) = (— ei + e 2 )". 

CASE 1.2.2: v ff (<p(WoWi)) = n for some g G {ei,e 2 , ei + e 2 }. 

Since |Wj| = n, a(ip(Wi)) = and v ei + e2 (<p(Wo)) — 1, it follows that 5 7^ ei + e 2 . Thus 9 G {ei,e 2 }, 
say g = e±. Then 

n-l 

<p(W Wi) = ej _1 (ei + e 2 K JJ(c v ei + d„ea), 

i/=i 

where c„ , d u G [0, n — 1] for all f G [1, n — 1]. By Lemma l2~5l and the assumption of CASE 1.2, 

n-l 

Wo" = e5 _1 (ei +e 2 ) JJ(c„ei + eU 2 ) 

!/=l 

is a minimal zero-sum subsequence of <f(S) with ei { Wq. Since W contains two distinct elements with 
multiplicity n—1 (by the assumption of CASE 1), since a(ip(Wi)) = 0, and since e\ \ Wg, it follows that 

and thus 

<p(Wi) = e 1 (e 1 + e 2 ) n - 2 (e 1 + 2e 2 ). 

CASE 1.3: h(^(WgWi)) = n - 1. 

Since cr((p(Wi)) = 0, it follows v ff (^(W W i )) ^ n-l for 3 ^ {ei, e 2 , e x +e 2 }. Suppose v ei+e2 (<p(W Wi)) = 
n — 1. Then 

<p(Wi) = (ei + e 2 ) n " 2 (ciei + diei)(c 2 ei + d 2 e 2 ), 
where ci , c?i , c 2 , d 2 G [0,n— 1]. By Lemmas 12.21 and 12.51 and the definition of Property C, 

<p(W Wi)(ei + e 2 )- 1 (c 2 e 1 + d 2 e 2 y x 

has a zero-sum subsequence T of length \T\ = n and ip(WoWi)T is a minimal zero-sum subsequence 
of <p(S) of length 2n — 1. Thus it follows, in view of the assumptions of CASE 1 and CASE 1.3, and in 
view of 

ip(W Wi) = eJ-^-^ei + e 2 )"- 1 (c 1 e 1 + die 2 )(c 2ei + d 2 e 2 ), 
that h(T) = n — 1, contradicting that cr(T) = 0. So we conclude that 

(2) v g (<p{W Q Wi))<n-l for all g G <p{G) \ {ei, e 2 } . 

We set y(Wi) = n™=i( c ^ e i + d u e 2 ), where c^, d„ G [0, n — 1] for all v G [1, ra], and pick some A G [1, n]. 
By Lemmas |2. 21 and |2~S1 it follows that p(WoWi)(c\ei + c?Ae 2 ) _1 has a zero-sum subsequence T of length 
\T\ = n and that <p{Wi Wg)T _1 is a minimal zero-sum subsequence of y(S') of length 2n— 1. By assumption 
of CASE 1 and ©, it follows that 

^(WW*)^ 1 - ef-^rHei + e 2 ), 

and thus CAei + d\e 2 = e\ + e 2 . As A G [1, n,] was arbitrary, this implies that (p(Wi) = (ei + e 2 )™, 
contradicting the hypothesis of CASE 1.3. 
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CASE 2: There exists a product decomposition W £ fl such that v g (<p{Wo)) = n — 1 for exactly one 
element g £ <p(G). 

By Lemma T2. 31 and the assumption of CASE 2, there exists a basis (ei, ea) of ip(G) such that 

n 
v=l 

where xi, . . . , x n £ [0, n — 1] and Xi + . . . + x n = 1 mod n and at most n — 2 of the elements xi , . . . , x n 
are equal. Let i £ [1, 2m — 2] be arbitrary, and let </9(Wj) = n"=i( c " e i + d v e 2 ), where c v ,d u £ [0, n — 1] 
for all v £ [l,n]. We proceed to show that there exists m t £ {0, n} such that 

i/=i 

which will complete the proof. We distinguish six subcases. 

CASE 2.1: h(<p(Wi) ]l"=i(^ e i + e 2)) > 

Then there exists some x G [0, n — 1] such that (after renumbering if necessary) 

n r s 

(x„ei + e 2 ) = (xei + e 2 ) n JJ(c„ei + d v e 2 ) ~\\{x v ei + e 2 ), 

V— 1 f — 1 l^— 1 

where r G [1, n — 1], s G [2, n — 1] and r + s = n. Since 

r s 
e" " 1 (c„ei + d„e 2 ) (x„ei + e 2 ) 

I/=l !/=l 

is a minimal zero-sum subsequence of <p(S), Lemma 12.31 implies that di = . . . = d r = 1, whence yj(Wi) = 

n™=i( c " e i + g 2)- 

CASE 2.2: h(p(Wi) ]l"=i(^ e i + e 2)) = *»• 

If (ci, g?i) = . . . = (c„, d„) does not hold, then, similar to CASE 2.1, we obtain that d± = . . . = d n = 1. 
Therefore c\ = . . . = c„ = c and c?i = . . . = d n = d for some c,d£ [0, n — 1]. 

Pick some A £ By Lemmas 12.21 and 12.51 the definition of Property C, and the assumption of 

CASE 2, 

¥(WoWi)(xxe 1 + e2y 1 (ce 1 +de 2 y 1 = (ce 1 +de 2 ) n ~ 1 e r {- 1 J| {x v e x + e 2 ) 

I /e[l,n]\{A} 

has a zero-sum subsequence T of length n and 

is a minimal zero-sum subsequence of tp(S) of length 2n — 1. Since </?(G) has Property B, we have either 

ei 1 " 1 I viWoW^T- 1 or ( cei + rfes)"- 1 | ^WqW^T' 1 . 

If e?" 1 1 viWoWjT- 1 , then, since (x A e a + e 2 )(cei + de 2 ) \ ^WoW^T' 1 , it would follow that d = 1, 
whence y(Wi) = (cei + e 2 )™, as desired. Therefore (cei + de 2 )"~ 1 | ^(WoWi)T -1 . 
Since ^(W^) is a minimal zero-sum sequence, it follows that 
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and hence there are ti,DgZ such that uc + vd = 1 mod n. Thus 

(e , 1 ,e' 2 ) = (cei + de 2 , —vex + ue 2 ) = (ei, e 2 ) • 

is a basis of f{G) and, for some sequence Q over (p(G), 

ipiWoW^T- 1 = (cei + de 2 )"- 1 e 1 ( a;Aei + e 2 )Q 

= e^™ ^ite^ — de' 2 )((x\u + v)e' 1 + (c — x\d)e' 2 ^Q . 

Now Lemma 12.31 implies that — d = c — xac? mod n, whence xac? = c + d mod n. Therefore, since A was 
arbitrary, we get 

n 

d = x v d = n(c + d) = mod n, 

i/=i 

and thus d = 0. If c G [2, n], then (cei)e™ _c is a zero-sum subsequence of (fi(S) of length n — c+l<n, a 
contradiction. Thus c = 1 and ^(Wi) = e™. 

CASE 2.3: h(p(Wi) ]l"=i(^ e i + e 2 )) = n - 1 and v ei (v>(Wi)) ^ 2 - 
After renumbering if necessary, we have 

r s 

^(WbWi) = e"l +1 {xe 1 + e 2 ) n - 1 J\[x v e x + e 2 ) JJ(c v ei + d„e 2 ) 

!/=l !/=l 

where a; G [0, n — 1], r G [l,n — 1], s G [1, n — 2] and r + s = n — 1. By Lemma 12.51 

r s 

W = ei (zei + e,)"- 1 [] (x„ei + e 2 ) JJ( c„ei + d„e 2 ) 
i/=i y=i 

is a minimal zero-sum subsequence of <p(S) of length 2n — 1. Since 

(ei,e 2 ) = (ei,xei + e 2 ) = (ei,e 2 ) • 

is a basis of <£>(G) and 

r s 

W' = eie' 2 n Y[ {( x v - x) e i + e 2 ) ]^[ ((c„ - xd„)ei + d v e' 2 ) , 

v=\ v—1 

Lemma 12.31 implies that x v — x = 1 mod n for all ^ G [1,7*]. Therefore we get (n — r)x + r[x + 1) = 
S™=i ^ = 1 mod n. Hence r = 1 and 

V (W ) = e\~ x {xe x + e,)"" 1 ((a; + l)e x + e 2 ) , 

a contradiction to our assumption on x±, . . . , x n for CASE 2. 

CASE 2.4: h(p(Wi) II"=i(^ e i + e 2)) = n - 1 and v ei (Wi) = 1. 
After renumbering if necessary, we get 

r s 

Lp{W Wi) = ej(rcei + e 2 ) n ~ l Y[(x vei + e 2) n( c " ei +^ e2 ) 

!/=l V = l 
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with x G [0, n — 1], re [1, n — 1], s G [l,n — 1] and r + s = n. By Lemma [531 

r s 

W = (xei + e 2 )™ _1 Y[ 0</ e i + e 2 ) J| {c v e x + dU 2 ) 
i/=i i/=i 

is a minimal zero-sum subsequence of <p(S) of length 2n — 1. Since 

(ei,e 2 ) = {e 1 ,xei + e 2 ) = (ei,e 2 ) • 

is a basis of y(G) and 

r s 

W' = e 2 "~ - ar)ei + e' 2 ) ({cu - xd v )e\ + d p e' 2 ) , 

Lemma \2 .31 implies that 

(3) X\ — x = . . . = x r — x = ci — xdi = . . . = c s — xd s mod n. 

If c?i = . . . = d s = 1, then <y?(Wi) = Il"=i( c ^ e i + e 2)> as desired. Therefore there is some f £ [1, s] with 
d„ 7^ 1, say v — s. Hence, since a(Wi) = 0, it follows that there is also another v' G [l,s] with d v i ^ 1 
and s = v ^ v' . Thus, by Lemmas 12.21 and 2.5 and the definition of Property C, 

ip(W W l )e^ 1 (c s e 1 +d s e 2 )- 1 

has a zero-sum subsequence T of length |T| = n and (/3(WoWi)T _1 is a minimal zero-sum subsequence of 
<p(S) of length In — 1. Since y>(G) has Property B, it follows that either 

el 1 - 1 | (^(WWOr- 1 or (zex + e,)"" 1 | ^(W^)? 1 - 1 . 

If e"- 1 | ^(WWi)?^ 1 , then, since (c s ei + d s e 2 ) | ^(WW^T" 1 and foei + e 2 ) | (p{W Q Wi)T- 1 for some 
j G [1, n], Lemma l2~3l implies that d s = 1, a contradiction. Therefore (xei +e 2 ) n_1 | </3(WoW,)T — x . Thus, 
for some sequence Q over ip{G), we have 

^(WW^T- 1 = (xei + e 2 ) n ~ 1 e 1 (c s ei + d s e 2 )Q . 

Since 

(ei,e 2 ) = (ei,a;ei + e 2 ) = (ei,e 2 ) • 

is a basis of ip(G) and 

^(WqW^T- 1 = ((c. - a:d.)ei + d s e 2 )Q , 

Lemma 12.31 implies that c s — xd s = 1. Thus it follows from that x\ = . . . = x r = x + 1 mod n. 
Therefore we get (n — r)x + r(x + 1) = X)"=i x v = 1 mod n. Hence r — 1 and 

V (W ) = e n 1 ~\xe 1 + e 2 ) n - 1 ((x + l) ei + e 2 ) , 

a contradiction to our assumption on xi, . . . , x n for CASE 2. 

CASE 2.5: h(^(Wi) E["=i(^ e i + e 2)) = n - 1 and v ei (v(W<)) = 0. 

If di = . . . = d n = 1, then the assertion follows. Therefore there is some v G with dj, 7^ 1, say 

v = n. Since di + . . . + d n = mod n, we may also assume that d n -i ^ 1. We distinguish two subcases. 
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CASE 2.5.1: ip(Wi) Y\^,—i{x v ^x + e 2 ) contains two distinct elements with multiplicity n — 1, say xe\ + e 2 
and ye\ + e 2 , where x, y £ [0, n — 1]. 
Then 

f(Wi) = (xei + e 2 ) r (yei + e 2 ) s {c n -iei + d„_ie 2 )(c n ei + d n e 2 ) 

and 

n 

II + e 2 ) = (xei + e 2 ) n - 1 - r (ye 1 + e^ 1 ^, 

l/=l 

where r, s G [l,n — 3] and r + s — n — 2 > 2. By Lemmas 12.21 and 12.51 ip(WoWi)(c n ei + d n e2) _1 has a 
zero-sum subsequence T ol length \T\ = n and ^(WqW^T' 1 is a minimal zero-sum subsequence of (p(S) 
of length 2n — 1. Since (/?(G) has Property B, it follows that 

\Zg(if(W l W )T^ 1 ) = n — 1 for some g £ {ei, xei + e 2 ,ye 1 + e 2 } . 

Clearly, we have 

ei(xei + e 2 )(ye 1 + e 2 )(c n e 1 + d n e 2 ) \ tp(W W i )T^ 1 . 

Since d n ^ 1, Lemma [2.31 implies that g ^ e\. Thus w.l.o.g. g = xe.\ + e 2 . Consequently, for some 
sequence Q over <p(G), we have 

tpiWoW^T- 1 = (xei + e 2 ) n - 1 e 1 (ye 1 + e 2 )Q . 

As before, 

(ei, e 2 ) = (ei, a;ei + e 2 ) = (e x , e 2 ) • 

is a basis of f(G) and 

(^(l^o^)T- 1 = e' 2 n ~ 1 e 1 {{y - x) ei + e' 2 )Q . 
Now we obtain a contradiction as in CASE 2.3. 

CASE 2.5.2: ip{Wi) Y\2=\{ x v e i + e z) contains exactly one element with multiplicity n — 1, say xei + e 2 
where cc 6 [0, n — 1]. 

After renumbering if necessary, we get 

r s 

(p(W Wi) = e^-^xei + e^- 1 H(c„ei + d„e 2 ) JJ(a;„ei + e 2 ), 

y=i i/=i 

where re [l,n-l],s£ [2, n — 1] and 7- + s = n + 1. If d\ = . . . = d r = 1, then the assertion follows. So 
after renumbering again, we suppose that d r ^ 1. Let X £ [1, s]. 

By Lemmas 12.21 and 12. 5[ the definition of Property C, and the assumption of CASE 2.5.2, 

tp(W Wi)(c r ei + d r e 2 )~ 1 (x\e 1 + e 2 ) _1 

has a zero-sum subsequence T of length \T\ = n and ip^WoW^T^ 1 is a minimal zero-sum subsequence of 
ip(S) of length 2n — 1. Since <^(G0 has Property B, it follows that 

v g (<p(W / W / i)T _1 ) = n - 1 for some g £ {e\, xei + e 2 , } . 

Clearly, we have 

ei(xei + e 2 )(c r ei + c? r e 2 )(a;Aei + e 2 ) 1 95 (W W^T^ 1 . 
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Since d r 7^ 1, Lemma T2.3I implies that g ^ e\, and hence g = xe\ + e%. Thus, for some sequence Q over 
93(G), we have 

ip(W W t )T^ = { Xei + e 2 )"- 1 e 1 (x A e 1 + e 2 )Q . 

As before, 

(ei,e' 2 ) = (ei,xei + e 2 ) = (ei,e 2 ) • 

is a basis of tp(G) and 

i P (W W l )T- 1 = e' 2 n ~ 1 e 1 ((a* - x)e x + e' 2 )Q . 

Hence Lemma 1 2 . 3 1 implies that 1 = x\ — x mod n. As A G [1, s] was arbitrary, it follows that x\ = . . . = 
x s = x + 1 mod n, and, as in CASE 2.3, we obtain a contradiction. 

CASE 2.6: h(<p(Wi) Il"=i(^ e i + ^)) <n-l. 

Let A e be arbitrary. By Lemmas 12.21 and 12.51 

ip(W W l )(c x e 1 +d x e 2 )- 1 

has a zero-sum subsequence T of length |T| = n, and 

^(WW^T- 1 

is a minimal zero-sum subsequence of cp(S) of length 2n — 1. Since (p(G) has Property B, it follows that 
e™ _1 divides ^{WqW^T^ 1 . Furthermore there is some v £ [l,n] such that 

{x v e x + e 2 )(c A ei + d x e 2 )^(W W l )T- 1 . 

Thus Lemma 12.51 implies that either d\ = 1 or (c A ,rf A ) = (1,0). Thus, since A € [1,^] was arbitrary and 
a(ip(Wi)) = 0, we must either have d\ = 1 for all A € or (c A , d\) = (1,0) for all A G [1 , n] , and so 

either f(Wi) — e" or <p(Wi) — n"=i( c ^ e i + e 2); as desired □ 



5. Proof of the Theorem 

Let G — C mn © C mn , with m, n > 3 odd, mn > 9 and w.l.o.g. m > 5, such that Property B holds 
both for C m © C m and C„ © C„. Let S £ A(G) be a minimal zero-sum sequence of length \S\ = 2mn — 1. 
The sequence S will remain fixed throughout the rest of this section. Our goal is to show that S contains 
an element with multiplicity mn — 1 (in other words, h(S') = mn — 1). We proceed in the following way : 

• First, using Proposition 14. 2\ we establish the setting and some detailed notation necessary to 
formulate the key ideas of the proof. 

• Next, we proceed with four lemmas, Lemmas 15.11 15. 2\ 15.31 and l5.4[ that collect several arguments 
used repeatedly in the proof. 

• Then we divide the main part of the proof into four claims, CLAIMS A, B, C and D, where in 
CLAIM D we finally show that h(S) = mn - 1. 
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The Setting and Key Definitions 

Since S is fixed, we write f2' and instead of fl'(S) and fl(S) (see Definition 14. lj) . Recall that Lemma 
12.31 3 implies that ord(x) = mn for all x G supp(S'). Let (p: G — > G denote the multiplication by m map. 
Then Ker(^) = nG = C m © C m and <p(G) = mG = C n © C n . 

Let £7o C f2 be all those W £ ft for which there exists a basis (mex,me2) of f{G), where ei,e2 G G, 
such that y(Wo) = (mei) n T[u=i( x u me i + tn&2), where Xi, . . . ,x n G Z with xi + . . . + x n = 1 mod n, 
and such that for every i <E [1,2m — 2], is either of the form ip(Wi) = (mei) n , or of the form 

<p(Wi) = n"=i(yi,^ me i +™e 2 ), where y^i, . . . ,y iin G Z with y h i + . . . + y v „ = mod n. By Proposition 
14.21 O is nonempty. 

Let W G ft', and define a{W) = Xtf^* <r{W v ) G ^(Ker(^)). Since 5 G -4(G), it follows that 
<r(W) G A(Ker((p)). Thus, since Property B holds for Kex(ip), it follows that a(W) G T(Ker(<p)). 
Partition fl Q = U Oft" by letting fl% be those W G fi with ct(W) G T„(Ker(^)), and letting ft™" be 
those W G O with ct(W) G T„ u (Ker(^)). 

Let W G ^o, let (mei,me2) be a basis of <p(G) satisfying the definition of ft , with e\, e 2 G G, and 
let (/i,/2) be a basis for Ker(yj) such that a(W) can be written as in the definition of T(Ker(<£>)). Let 
Si be the subsequence of S consisting of all terms x with <p(x) = mei, and define S2 by S = SiS^. 
Let / C Z be an interval of length n. Then each term x of Si has a unique representation of the form 
x = e\ + ng, with G Ker(i^) (where <? G G), and each term x of 5*2 has a unique representation of 
the form x = ae\ + e 2 + ng, with a £ I and ng G Ker(y) (where <? G G). Define = n 9 G Ker(y) 
and, for x G supp(S , 2 ), define t(x) = a € J C Z. We set 0(x) = ^i(x) + ^(x), where 0i(x) G and 
■02 (x) G (/ 2 ). If y G Ker(y), with y = yi/i + 2/2/2, then we also use 0j(y) to denote Note that, 

for x G supp(S'i), the value of V , ( a: ) depends upon the choice of (ei, 62), and that, for x G supp(S , 2), the 
values of ip(x) and t(x) depend upon the choice of (ei,e2) and /. We will frequently need to vary the 
underlying choices for (ei, e^) and J, and each time we do so the corresponding values of -0 and t will be 
affected. All maps will be extended to sequences as explained before Definition 12.11 

Let ^4i(VK) be those Wi either with i = or (p(Wi) — {me\) n , let _4 2 (VT) be all remaining W, as 
well as Wo, and let A*{W) = A{W) \ {W } for i G {1, 2}. If W G let C (W) be all those Wi with 
v (J ( M / 1 )(o : (Vy)) < m - 1, let d(W) be all remaining Wi, and let C*(W) = d{W) \ {W a } for i G {0, 1}. If 
VT G Qq", let Co(W) be the unique Wi with v a ( W .)(a{W)) < m — 1, and divide the remaining 2to — 2 
blocks Wi into either Ci(M / ) or C2(W) depending on the value of a(Wi); analogously define C.*(W) for 
i G {0, 1, 2}. When the context is clear, the W will be omitted from the notation. We regard the elements 
Wi, Wj G A\ as distinct when i ^ j, follow the same convention for all other similar collections of Wi, 
and will refer to them as blocks. 

We further subdivide W Q = W^ ] W^ ] with W (1) = gcd(W ,Si) and W (2) = gcd(W ,S , 2 ), and for a 
pair of subsequences X and Y with XY | S2, we define e'(X, y) to be the integer in [l,n] congruent to 
<j(l(X)) — cr(i(y)) modulo n, and define e(X, Y) to be the integer such that 

n - e'(X, Y) + a(i(X)) - <r(i{Y)) = e(X, Y)n. 

The main idea of the proof is to swap individual terms contained in the blocks of W G ilo in such a 
way so as to maintain that the resulting product decomposition still lies in fi'. Using the lemmas from 
Section [31 we will then derive information about the possible values of ip and l obtained on the terms 
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that have been swapped. The next three paragraphs detail the three major types of swaps that we will 
use. 

If U, V G Ai are distinct (thus U = W; and V — Wj for some i and j distinct), then we may exchange 
any subsequence X\U for a subsequence Y\V with \Y\ = \X\ (if C/ = Wo, then X must additionally 
lie within Wq 1 ^, and likewise for V) and the resulting product decomposition W will still lie in Qq, 
equal to W except that the blocks U and V of W have been replaced by the blocks U' := X~ l UY and 
V' := Y^VX. Moreover, 

(4) <r(V') = a(V)+a(iP(X))-a(iP(Y)). 
We refer to this as a type I swap. 

(2) 

If V £ A\, and Y\V and A|W are subsequences with \X\ = \Y\, then by exchanging the sequence 
Y\V for the sequence RX\Wq, where i?|WQ 1 ' ) is any subsequence with \R\ = n — e'(X,Y), we obtain a 
product decomposition W 1 that still lies in Q,' , equal to W except that the blocks V and Wo of W have 
been replaced by the blocks V := Y~ l VXR and := R- 1 X~ 1 W Y. Moreover, 

(5) a(V) = a(V) + e(X, Y)nei + a(ip{X)) - a{i/>{Y)) + a{^{R)). 

We refer to this as a type II swap. 

If U, V € A2 arc distinct, then we may exchange any subsequence X\U for a subsequence Y\V with 

(2) 

\Y\ = \X\ and a(i(X)) = a(t(Y)) (and ifU = Wo, then X must additionally lie within Wq , and likewise 
for V) and the resulting product decomposition W 1 will still lie in Oo, equal to W except that the blocks 
U and V of W have been replaced by the blocks U' := X~ 1 UY and V := Y~ 1 VX. Moreover, 

(6) a(V') = a(V) + a(ip(X))-a(i>(Y)). 

We refer to this as a type III swap. 

We will often also have need to change from W € fio to another W' G f2o- One common way that this 
will be done will be to find U G A% and X |f Wq (X will often be a single element dividing U). Then 
|X _1 C/W (2) | = In - \X\. If there is an n-term subsequence U^X^UW^ with ct([/') G Ker(^) (as is 
guaranteed by Theorem 12.61 1 in case \X\ = 1), then, defining Wq by WqU' — WqU, we obtain a new 
product decomposition W G flo by replacing the blocks Wo and U by Wq and Er. Moreover, X | Wq ' . 
We refer to such a procedure as pulling X up into the new product decomposition W' . 

All of the above procedures result in a new product decomposition W' G fi', and we will always assume 
W' — (Wq, . . . , W2 m _ 2 )i with W' k = Wk for all blocks Wfe not involved in the procedure, and with W[ 
and Wj defined as above for the two blocks W and Wj involved in the procedure. 

Four Lemmas 

We will often only consider W G f^" when = (with one exception in CASE 3 of CLAIM C). 
The reason for this is to ensure that, if a swapping procedure applied to W results in a new product 
decomposition W' G ilo, then W' G fig" is guaranteed, and hence the more powerful Lemma [3.31 is 
available (instead of the weaker Lemma 13. 2\ . 

The following lemma will be used in CASE 3 of CLAIM C to avoid having to consider a W" G fl m 
when Oft ^ 0. 
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Lemma 5.1. Let W 6 Qq, U G C\ and V\, V 2 G Co be distinct. Suppose there exist X\U and Yi\V± such 
that swapping X for Y\ yields a new product decomposition W G fl' with the new block U' = X~ lT JYi in 
W having a(U') ^ a(U). IfY 2 \Y^ 1 V 1 and Z\V 2 are nontrivial subsequences such that swapping Y 2 for 
Z in W yields a new product decomposition W" G f2o, then W" G ilg . 

Proof. Assume by contradiction that W" G Qq u , so that w.l.o.g. a(W") = fT^f^ifi + fi) with 
o~(U) = fi (since o~(U) is a maximal multiplicity term in a(W) and all blocks involved in the swap resulting 
in W" are not of maximal multiplicity, it follows that cr(U") = <?{U) must be a maximal multiplicity 
term in a(W") as well). Since m > 4 (so that hf^ftiW)), let cr(Vi) = C/i + f 2 with C G [0,m - 1]. 
By hypothesis, we may swap Yi|V{" = Y 2 ~ 1 V\Z for X\U" = U to obtain a new product decomposition 
W" G fi', with new respective terms V[" and U'" . Since (by hypothesis) swapping X for Y\ in W yields 
a new product decomposition W' G f2' such that the new block J7' = X _1 C/Yi in W has o-(U') ^ cr(/7), 
it follows from Lemma 02 that cr(f7'") = cr(C/') = C/i + / 2 and ^(V^'") = t7(Vj') + (1 - C)/i - / 2 . 
Suppose o~(V{') — f 2 . Then, from the above paragraph, we conclude that 

a{W") = f™-\h + / 2 )((1 - C)h)f™- 2 {Ch + f 2 ) . 

Thus, since a(W") G T(Ker(p)) and m > 4, it follows that C = 0, whence a(V{') = f 2 = Cfi + f 2 = 
o-(Vi). However, this implies that a(W) = a(W") G T™, contrary to W G fig- So we may assume 
instead that a(V{') = h + f 2 (note cr(V{') ^ f 1: since ct(C7) = /i, U G Ci(W) and no terms from Ci(W) 
were involved in the swap resulting in W"). 
In this case, we instead conclude that 

a(W"') = /™- 1 ((2 - C)h)f™- 2 {Ch + f 2 ). 

Thus, since a(W") G T(Ker(<^)) and m > 3, we conclude that C = 1 = 2 — C, and once more 
(t(V\") = c(Vi), yielding the same contradiction as in the previous paragraph, completing the lemma. □ 

The next two lemmas will often be used in conjunction, and will form one of our main swapping strategy 
arguments used for CLAIMS A and B. Note that Lemma r5.2f i) gives a strong structural description as 
well as a term of multiplicity at least (\T>i \ + l)n — 1 in S, while Lcmma l5.2f ii) allows us to invoke Lemma 
1531 

Lemma 5.2. Let W G f2o and, ifilQ^tf), assume that W G f2g- Let T)\, T>2 C A 2 be such that, for each 
(relevant) i G [0, 2], there do not exist U G T>\ and V G T> 2 with U, V G C\. If either 

(a) \T>i \ > 1 and every type III swap between x\W and y\Wj, with Wj G T>\ and i(x) = i(y), results 
in a new product decomposition W with o~(Wo) = a(Wo), or 

(b) \Vi\ > 2 and \ V 2 \ > 1, 

then one of the following two statements hold : 

(2) 

(i) There exist Xo\W , g G / and a G Ker(^) such that l(xq) =3 + 1 mod n, l(x) = g and ipix) = a, 
for all x\x^W^ JJvev, V- 

(ii) There exist Wj G V 1; X\W^ 2) and Y\Wj such that \X\ = \Y\ and e'(X,Y) <£ {l,n}. 

Proof. We assume that (ii) fails and show that (i) holds. If Wo G Co, then choose f 2 such that a(Wo) = 
fx + / 2 ; if W G then choose f 2 such that a(W) = f" 1 ^ 1 /™ _1 (/i + f 2 ) (note, in case Wo G C and 
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W G fl™, that this choice of / 2 agrees with the previous choice), and assume C\ consists of those Wi 
with a(Wi) — /i; and if Wq £ Co, then w.l.o.g. assume Wq G C\. 

Applying Lemma l3^4l 3 to i(W ) and each l(V) with V G Pi, with both sequences considered modulo 
n (since (ii) fails, the hypothesis of Lemma l3.41 3 holds with {0, a} equal to {n, 1} modulo n), we conclude, 

(2) (2') (2.) 

in view of o-(i(W )) = 1 mod n (and hence |supp(t(Wg ))| > 1), that there exist xo|Wg and g G / 

— 1 (2) 

such that t(xo) = g + 1 mod n and = g for all ir|a;g Wq YiveV! V ■ ^ ( a ) holds, then performing 
type III swaps between Wo and the V 6 Pi completes the proof. Therefore assume (a) fails and (b) holds 
instead. 

CASE 1: W eC . 

Thus, since |X>i|, |D 2 | > 1, let U G A% H (Pi U P 2 ) with cr(C7) = /i and let V G ^ n (Pi U P 2 ) 
with cr(y) = C/i + / 2 for some C G Z. Performing a type II swap between some fixed u\U and each 
x\xq l W^ (using the same fixed subsequence i?|Wg in every swap, which is possible since l(x) — g for 
all x\xq Wq ), we conclude from either Lemma l3Tl 2 (since cr(Wo) = fi + / 2 ) or Lemma l3~2l 4 that ^l is 

1 (2) 1 (2) 

constant on Xq Wq . Likewise performing a type II swap between some fixed v\V and each x\xq Wq , 
we conclude from either Lemma f3.H 3 or Lemma f3.2! 5 that tp2 is constant on Xq 1 Wq 2 \ Consequently, 

— 1 (2) 

ifi{x) — a (say) for all x\x Wq . 

Suppose W G fift". Then V x C A\ n C,, for some i € {1,2} (in view of the hypotheses of CASE 1 and 
the lemma), and performing type III swaps between the 2 e Pi, we conclude, in view of |X>i| > 2 and 
Lemma [531 1 or l3.3! 2. that i>{x) = a 1 (say) for all x\ Y\ VeVl V. Further applying type III swaps between 
Wo and any Z G T>i, we conclude from Lemma [3.41 3 and either Lemma 13.31 4 or 13.31 5 that a = a', 
completing the proof. So we may assume W G ilg ■ 

If T>\ C C\ , then repeating the argument of the previous paragraph using Lemma l3.1l in place of Lemma 
13.31 completes the proof. Therefore we may assume T)\ C Co- Let Z G V\ and z\Z. We proceed to show 
ip(z) = a, which, since z\Z G T>\ is arbitrary, will complete the proof. 

If performing a type III swap between z\Z and some x\x~q~ Wq results in a new product decomposition 
W' G SIq , then Wq G Co (as both Wo, Z G Co) and, repeating the arguments of the first paragraph of 
CASE 1 this time for W', we conclude that tp(z) = a. If W' G Oq u , then we can choose a new / 2 such 
that a{W') = /r _1 / 2 n_1 (/i + /a)- If also W'q G C , then cr(W^) = /i + / 2 , and repeating the arguments 
of the first paragraph for W' shows ip(z) = a. Therefore suppose W' G FIq u and (j(Wq) — / 2 . In view of 
Lemma 13.11 3. we have a — ip{z) G (/i). However, if a ^ ^(z), then performing a type II swap between 
some y\U' = U and both z\Wq and z'\Wq, where i(z') = g and ip(z') = a, we conclude from Lemma l3~2l 3 
that 

en ei + a(i>(R)) - r/,{y) + {4>{z),a} = {0, / 2 - /i}, 

where e = e(z,y) = e(z',y) (in view of t(z) = i(z') = g) and R is the same fixed subsequence of W^ 1 ^ 
used in both swaps (also possible since l(z) = t(z') = g). Hence iJj(z) — a = ±(/ 2 — fi), contradicting 
that a — tp(z) G and completing CASE 1. 

CASE 2: W £ C and W G fir- 
Then Wo G Ci (by our normalizing assumptions). If there is Z G Pi H Co and Pi n C 2 = 0, then, in 
view of Lemma 13.31 4. we may assume that performing any type III swap between z\Z and x\xq 1 Wq 2 * > 
results in a product decomposition W' with ct(Wq) = a(Wo), else CASE 1 applied to W completes the 
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proof. Note that Lemma [3.31 1 guarantees the same for any Z € Pi fl C\. Thus if T>\ n C2 ^ 0, then (a) 
holds, contrary to assumption, and so we may assume instead that Pi n C2 ^ 0. 

Suppose there is Z G P2 with er(Z) = /1 + fa. Then performing type II swaps between some z\Z and 
each x^q^Wq (using the same .RlWg 1 ^ for every swap, which is possible since i(x) = g for all x\xq 1 Wq 2 * > ), 
we conclude from Lemma 13.21 4 that ipi is constant on Xq 1 Wq 2 \ If we perform type III swaps between U 
and Wq with U G Pi C\C 2 , then we conclude from Lemmas 13.21 3 and l3.4! 3 that there is uq\Xq Wq U such 
that ip(x) = a (say) for all x\uq 1 x ~ 1 W^U and ^(uo) =aorai(/ 2 - /1). Thus, as ipi is constant on 

— 1 (2) —1 (2) 

x Wq , we conclude that ip(x) = a for all x\x Wq . If uq\U with ?/>(mo) = a + fa — fi, then swapping 
Uo\U for x|xq Wq V j results in a new product decomposition W such that <r(W ) = a(W), o(Wq) = fa, 
and ^2 is not constant on Xq Wq . However repeating the argument from the beginning of the paragraph 

for W', using Lemma f3.2! 5 in place of Lemma T3.2I 4. we see that ip2 must be constant on Xq 1 Wq , a 

— i (2) 

contradiction. Thus we see that any type III swap between u\U G Pi fl C2 and x\x Wq results in a 
product decomposition W' with <j{Wq) = a (Wo). As a result, since Z G P 2 with a(Z) = fi + fa, it 
follows from Lemma 13.31 1 that (a) holds, contrary to assumption. So we may assume P2 fl Co is empty. 
Thus, in view of Pi fl C2 ^ and the hypotheses, it follows that there is U G T>2 H C±. 

Performing type II swaps between some y\U and each a;|a;jj~ 1 Wo (using the same i2|W for every 
swap), we conclude from Lemma 13.21 1 that ip\ is constant on Xq Wq . Consequently, performing type 
III swaps between Wq and each V$ G Pi n C2, we conclude from Lemmas 13.21 3 and 13.41 3 that there 
exists Vi\Vi such that VK^) = a (say) for all x|w i _1 a: ( ^ 1 T4 7 g 2 ' ) Vf, moreover, ip(vi) =aor«+/j-/i. If 
there is Z G Pi HCo, then, performing type III swaps between the x\xq Wq and z\Z, and between the 
x\Vi S Pi (1 C2 and z|Z, we conclude from Lemmas 13.31 4 and 13.31 5 that ip(x) — a for all x\Z. 

If Z G D\ fl Cq does not exist, then |Pi| > 2 and \V 2 C\C\\ > 1 ensure |Pi fl C2I > 2, and, performing 
type III swaps between the V" G Pi n C%, we conclude from Lemma 1X51 2 that ip(x) — a for all x\V with 
V G Pi (~l C%, completing the proof. On the other hand, if there is Z G Pi n Co, then applying type III 
swaps between Z and each Vi G Pi HC2, we conclude from Lemma 13.21 5 that ip 2 is constant on V, and 
Z; consequently, since ip(Vi) = a or a + fa — /1, and since = a for all i; 1 1; ~ 1 , we conclude that 
ip(vi) — a as well, completing the proof. 

CASE 3: Wq £ Cq and W G 

Then Wo G C\ and Pi C Co (else (a) holds in view of Lemma 13.11 1). Since |X>2 1 > 1, there is 
U G A* 2 nCi. Performing type II swaps between each x\xq 1 Wq and some fixed u\U (using the same fixed 
sequence i?|Wg 1 ' ) in each swap), it follows from Lemma |3~TU that ip(x) — a (say) for all x\xq x Wq 2 \ 
Let Vi G Pi. Performing type III swaps between Wq and Vi, we conclude from Lemmas 13.11 2 and 13.41 3 
that ip(z) = a for all z\v~ x Vi, for some Vi\Vi\ moreover, either i(j(vi) — a or t()(Vi) — a — <t(Wq) + a(Vi). 
However, in the latter case, since Vi G Co and Wq G Ci (so that (j(Wq) = fi and a(Vi) = C/i + h, for 
some C G Z), we see that ift 2 (vi) 7^ ip2 (en)- Since |Pi| > 2, performing type III swaps between the Vi G Pi, 
we conclude from Lemma l3.1l 3 that ^2 is constant on each Vi, whence ^ 2 (vi) ^ 4>2(oi) is impossible. Thus 
■0(z) = a for all with Vi G Pi, completing the proof. □ 

Lemma 15.31 allows us to conclude detailed information concerning the values of -0 on Wq . Depending 
on cr(Wj) and (j(Wq), the appropriate part of Lemma 13 . 1 1 l3~2l or 13 . 31 will ensure that one of the hypotheses 
in 1, 2, or 3 holds. 
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Lemma 5.3. Let W £ f2 and Wj £ A\ be such that there are Y\Wj and X\Wq with \X\ = \Y\ and 
e'(X,Y) <£ {l,n}, and set 

T> = {W £ f2' | W is the result of performing a type II swap between X\Wq and Y\Wj} . 

1. //o-(Wj) - a{Wj) = 0, for all W £ V, then |supp(V'(W (1) ))| = 1. 

2. Ifa(W$) ~ a{W 3 ) £ (/<), where i £ {1,2}, for all W £ V, then Isupp^s-iCW^))! = 1. 

3. //cr(W^) - a(Wj) £ {0,F}, for all W £ V, where F £ Ker(<p), then supp(^(W (1) )) = {j,[3} for 
some 7, (3 £ Ker(y) with 7 — /3 £ {0, iF}. 

Proof. 1. By hypothesis, there is only one possibility for a('ij)(R)), where i?|W(^ is any subsequence with 
\R\ = n — e'(X, Y). Furthermore, we have 1 < \R\ < n - 2 < |^(W (1) )|, and thus 1 follows fr om Lemma 
1331 3 applied to ^(W^). 

2. The argument is analogous to that of item 1, using the group Ker(y>)/(/j) = (/3-i) in place of 
Kei(ip). 

3. By the arguments for item 1, replacing Lemma [331 3 by Lemma [331 1, we conclude that ^/>(Wq ) — 
Ypn-1-1 ^ay), where I > n — 1 — I > 1 and 7^/3 (else the lemma is complete); moreover, 

e(X, Y)net + <r{i/j{X)) - a(tp(Y)) + min{t, 1} ■ 7 + (i - min{i, I}) ■ (3 + {0, /3 - 7} = {0, F}, 

where t = n - e'(X, Y). Thus j3 - 7 = ±F, as desired. □ 

The following lemma encapsulates an alignment argument for the t values that forces them to live in 
near disjoint intervals. It will be a key part of the more difficult portions of CLAIM C. 

(2) 

Lemma 5.4. Let W £ f^o? let T> C A\ be nonempty, and let Z\Wq be nontrivial. For x\S, let 
ipo(x) = ^(x), and for x £ Ker(ip), let ipo be the identity map. Let i £ {0, 1,2}. If ipi(nei) ^ and 

(7) ipi(x) - ipi(y) + ij)i{e(x,y)nei) = 

for every x\Z and y\U £ T>, then there exist intervals J\, Ji and J3 o/Z with either 

(8) supp(t( Y[ U)) C J3, supp(t(Z)) C J\ U J2, and max Ji < min J3 < max J3 < min J2, or 

(9) supp(t(Z)) C J3, supp(i( U)) C Ji U J2, and max Ji < min J3 < max J3 < min J2. 

uev 

Moreover, I can be chosen such that: 

1. mini is congruent to an element in i(Z) modulo n, 

2. l(x) < i(y) and e[x,y) — for all x\Z and y\U £ T>, and 

3. ip t {x) = ip t {y) for all xy\Z]\ UeV U . 



Proof. Observe, for xy\Si, that 

(10) e(x,y) 



0, i(x) < i{y)- 

1, l{x) > i(y). 



Consequently, we conclude from that 

(ii) M*) = My), 
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for all x\Z and y\U E T> with i(x) < t-(y), and that 

(12) ipi(x) = ipi(y) - ipi(nei), 

for all x\Z and y\U £ V with l(x) > t(y). 

If there do not exist x\Z and yy'\ Y\u £ x> U with i(x) < u{y) and t(x) > t(y'), then, for every x\Z, we 
have either t(x) < t(y) for all y\ Yl UeV U, or t{x) > i(y) for all y\ Yl Ul£Tt U. Thus we see that © holds 
(with J3 = [min(supp(t(J| [/gI -, £/))), max(supp(i(J| l/eX , ?/)))], Ji being any nonempty interval containing 
those i(x) with < i{y) for all y| 11(761? ^ an d max Ji < min J3, and J 2 being any nonempty interval 
containing those l(x) with i(x) > i(y) for all y\ Yiuev U ano - mm J2 > max J3). 

Now instead let x\Z and yy'\ Yiuev U with i(x) < i(y) and l(x) > i(y'), and factor ric/ei? ^ = ^i«^2) 
where J[ are those terms a| ric/ex? ^ with t(a) < l(x), and are those terms b\ Yluev U with i(b) > l(x). 
By assumption, both J[ are nontrivial. Moreover, from (fTTj) and (JT3J) and ^j(nei) 7^ 0, we see that 

(13) &(&) = ^(a:) 
and 

(14) ipi(a) =ipi(x) +ipi(nei) j^ipi(x), 

for all a I J{ and b\J' 2 . Thus ^ is constant on J[ and also on J 2 but the two values assumed are distinct. 
If there were x'\Z such that l(x') < max(supp(t( J[))), then by (fTTj) and p3[) we would conclude that 
ipi{x') = ipi(b) — tpi{x), where b is any term of J 2 , while by applying (jlip and (|14[) between 2' and 
max(supp(i( J{))) := ao, we would conclude that ipi(x') = ipii^o) — ipi{ x ) + 1 Pi( n ^i) 7^ i ) i{ x )i a contradic- 
tion to what we have just seen. We likewise obtain a contradiction if there were x'\Z such that t(x') > 
min(supp(t(J2))). Therefore we see that ((9|) holds with J\ = [min(supp(t( J[))), max(supp(i(J{)))], 
J2 = [min(supp(t( Jj))), max(supp(t(J2)))], and J3 = [min(supp(/,(Z))), max(supp(t(Z)))]. 

Choosing / such that mini is congruent to min(supp(/,(Z))) modulo n, if either © holds or else 
((HI) holds with supp(t(Z)) n J2 = 0, and congruent to min(supp(t(Z)) n J2) otherwise, the remaining 
properties follow in view of (|7|) and (fT0|) . □ 

Now we choose a product decomposition W € flo, and if fig ^ 0, we assume that W £ Oq . 

CLAIM A: h(5i) > - 1. 

Proof. We need to show that there exists xq\S\ such that ip(x) = ip(y) for all xy\xQ 1 S\. We divide the 
proof into four main cases. In many of the cases, we obtain partial works towards showing h(S*i) = |Si|, 
which will later be utilized in CLAIM B. 

CASE 1: Q#^0, |^4i| > 2 and |Ci n-4-i| > 1. 

In this case, we will moreover show that h(5i) = Si unless |.4i (~1 Co | = 1 or \A\ fl C\\ = 1, and that 
\supp(ip(U))\ > 1 for U E A\C\ Ci, where i 6 {1, 2}, is only possible when \Ai (~l Cj| = 1. 

If £7, V € Ai arc distinct, then we can perform a type I swap between U and V, and by (j4j) and Lemma 
13.11 we conclude that 

uWX))-^(y))=fl ) if Z7, FeC x 

(15) <r(VW) - ^(T)) € {0, (1 - C)/i - / 2 }, ifC/eCi, FeC anda(F) = C/!+/ 2 

- o-wy)) € (A), iff/, vec , 
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for X\U and Y\V with \X\ = \Y\. 

If 1^4.1 n Co| > 2, then using (fT5|) (running over all X and Y with \X\ = \Y\ = 1), we conclude that 
ip{x) — ip(y) G for all x and y dividing a block from A\ l~l Co- 

If \A\ n Ci| > 2, then using (fTS")) (running over all X and Y with \X\ = |Y| = 1) and Lemma IHTH l, we 
conclude that ip(x) = ip(y) for all x and y dividing a block from A\ (lC±. 

If U £ Ai Ci Ci and V G A\ n Co with U and V distinct, then, using (fTK| (running over all X and Y 
with \X\ = \Y\ < 2 < n — 1) and Lemma 13.41 3. we conclude that ^p(x) = ex (say) for all x\xq W, for 
some xo\UV; moreover, ip{ x o) = a or a ± ((1 — C)/i — / 2 ). 

Suppose xq\U and tp(xo) ^ a. Then in view of the fourth paragraph of CASE 1, we see that \Ai C\C\\ = 
1. Thus performing type I swaps between U and all possible V G Ai HCo completes CLAIM A, for n > 5 
or J7 ^ Wo, and, when n = 3 and U — Wo, we instead conclude that either ip(V) = a n or ip(V) — j3 n , 
where ^{W^) = a/3, for all V £ Ai n C . However, if there are V, V G A n C with ip(V) = a n and 
t/;(7') = (3 n and a^, then Q£j! implies that /3 - a = (1 - - / 2 and a - /? = (1 - C")/i - h, 
where cr(y) = C/i + / 2 and cr(V') = C'/i + / 2 , from which we conclude that (2 - C - C)/i - 2/ 2 = 0, 
contradicting that m > 3. So we may instead assume ^ol^- 

In this case, in combination with the results of the previous paragraphs, we find that there is at most 
one Uj|Vi, for each V% G A\ H Co, such that ip{ x ) — a f° r an x\Si not equal to any Uj. In this scenario, 
CLAIM A is done unless we have two distinct Vi, V2 € A\ nCo such that 7^ a an d — a f° r au 

^l^r ^2" UViV2- However, applying a type I swap between y\U and fi|Vi, we conclude from (fT5]) that 
a — ij)(vi) = (1 — C)/i — /a ^ for some C G Z, which, in view of aip(vi)\i()(Vi), contradicts the 

conclusion of the third paragraph of CASE 1. This completes CASE 1. 

CASE 2: |A| = 1. 

In this case, we will show that h(iSi) = |Si|. 

Suppose Wq G Co- Then we may choose / 2 such that cr(Wo) = /1 + / 2 , and if = 0, such that 

a{W) = fT^JT^Ui + h) also - Let p i be those blocks W i with a ( W i) = h and let V 2 be all other 
blocks from A* 2 . Applying Lemma [5721 we see that Lemma r5.2f ii) must hold, else ge\ + e 2 + a will have 
multiplicity at least mn — 1 in S, as desired. Performing a type II swap between the A|Wo and Y\Wj 
given by Lemma f5.2f ii). we conclude, from Lemmas 15.31 2 and either l3~Tl 2 (since cr(Wo) = /1 + f2) or 
13.21 4. that ipi is constant on W . However, reversing the roles of T>i and X> 2 and repeating the above 
argument using Lemmas 13. 11 3 and 13.21 5 in place of Lemmas 13.11 2 and 13.21 4. we conclude that -02 is also 
constant on Wq^' whence ip is constant on Wq , completing the proof of CLAIM A. So we may assume 

w i c . 

Suppose S7q = 0. Then we may w.l.o.g. assume a(W) — /f 1- fip~ (fi + / 2 ), that Ci consists of those 
blocks Wi with a(W t ) = /1, and that a(W ) = fi- Let T>i = C 2 and V 2 = C{ UC . Applying Lemma[57J 
we see that Lemma l5.2f ii) must hold, else there will be a term with multiplicity at least mn — 1 in S, as 
desired. Thus Lemmas 15.31 3 and 13. 21 3 imply that supp(V'(W )) = {7, 0} (say) with /3 — j= ±(/ 2 — fx) 
(else CLAIM A follows). 

Reversing the roles of T>i and 2? 2 and again applying Lemma [5721 we once more see that Lemma l572T ii) 
must hold, else there is a term with multiplicity mn — 1 in S, as desired. Thus Lemma 15.31 2 and either 
Lemma 15721 1 or 13.21 4 imply that ipi is constant on Wq , contradicting that — 7 = ±(/2 — So we 
may assume SIq 
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Let w.l.o.g. Wi, . . . , W m -2 be the blocks of C*rL4 2 , and let T>i = C{ and V 2 = C . Apply Lemmal5~51 If 
Lemma l5~27 ii) holds, then Lemmas l5.3l l and l3.1U imply that tp is constant on W^p , whence CLAIM A fol- 

— 1 (2) 

lows. Therefore we may instead assume l{x) = g and ip(x) — a (say) for all terms x\x W 'W\ . . . W m -2, 
(2) 

for some xo|Wq with l(xq) = g + 1 mod n. 

(2) 

Consider Wj with j > m — 1. If i{Wj) ^ g n , then there exist x\W and y\Wj with e (x, y) f. {1, n}, 
whence Lemmas IQ1 3 and02 imply that supp(V>(W (1) )) = {7, 0} (say) with 0-j = ±Fj (else CLAIM 
A follows), where Fj = (1 - Cj)/i - h and cr(Wj) = Cj/i + h- 

If Wfe is another block with k > to — 1 and i(Wfc) ^ .9™, then the above paragraph implies that 
-7 = ±F fc) where F fe = (1 - C fc )/i - / 2 and tr(W fc ) = C k fi + / 2 . Thus, since m > 3 and - 7 = ±F j; 
we conclude that Fj — Fk and Cj = Ck mod to. As a result, we see that any two blocks Wj and Wk, 
with j, k>m — \ and t(Wfc), t(W}) ^ 3™, must have o"(Wj) = a(Wk)- Hence, since W G Qq, we conclude 
that there are at least two distinct blocks W s and W r with s, r > m — 1 and t(Ws) = t(W r ) = g n . 
Performing type III swaps between Wo and both W s and W r , we conclude from Lemmas 13.11 2 and 13.41 3 
that tp(x) = a for all but at most two terms of W s W ri whence ge\ + e 2 + a has multiplicity at least 
(to — l)n — 1 + 2n — 2 > mn in S, contradicting that S G -4(G) and completing CASE 2. 

CASE 3: njf^0, |^i| > 2 and |CiC.4i|=0. 

In this case, we will moreover show that h(Si) = |5i|. 

We may w.l.o.g. assume W\, . . . , W m -\ are the blocks in C\ fl A 2 . Let X>i = Ci and P 2 = Cq fl .A 2 . If 
|X> 2 | > 1, then we can apply Lemma 15.21 Otherwise, in view of Lcmma l3.1l 2. we may assume hypothesis 
(a) holds in Lemma E21 else applying CASE 1 to the resulting product decomposition W' would imply, 
in view of |D 2 | = 0, that i/j(x) — a ( sa y) f° r all x\W( — Wi with % G [to, 2to — 2], in which case 
<j{W[) = ne\ + na has multiplicity to — 1 in a(W'), contradicting that a(W') = a(W) (in view of Lemma 

13.11 2) with W G fig . Thus, in either case Lemma [S~2"l is available. If Lemma l5.2lT l holds, then gei + e 2 + a 

(2) 

is a term with multiplicity at least mn — 1 in S, as desired. Therefore there is -X"|W and i^|Wj, for 
some j G [1, to — 1], such that |X| = \Y\ and e'(X, Y) ^ {1, n}. Hence Lemmas 15. 31 3 and l3.H 2 imply that 
supp(^(W (1) )) = {7, 0} (say) with 7 - G {0, ±F}, where F = (C — + f 2 and a(W ) = Cf x + f 2 . 
Since \Ai\ > 2, let V G Cq DAi- Performing type I swaps between Wq and V, we conclude from Lemma 
13.11 3 that ip2 is constant on VWq , whence 7 — G {0, ±F} implies J = 0. 

Performing type I swaps among the V G Co H -4i, we conclude from Lemma 13.11 3 that ^2(2^) = "02(7) 
for all x|y G Co n ^4i. Let W be the product decomposition resulting from performing a type II swap 
between X|Wo and Y\Wj (with X and Y as given by Lemma r5.2f ii) in the previous paragraph). Since 
e'(X, Y) £ {l,n}, we conclude that there is a block W' k G C\, with fc G {0, j}, having (ei + 7)|W^. Since 
a(W') = ^(ly) (in view of Lemma \'S. 11 2). performing type I swaps between W' k and each distinct block 
V' = V G Cq H^4i, we conclude from Lemma l3Tl 2 that either ^(a;) = 7 or ip(x) = j + a(V') — cr(W{.), for 
each x\V. However, since WL G Ci and V' G Co, it follows that the latter contradicts that ip2 is constant 
on V|Wq with value ^2(7)- Therefore we conclude that tp(x) = 7 for all x\V' , with V' = V* G Co fl A\, 
whence tp(x) = 7 for all eels'!, as desired, completing CASE 3. 

CASE 4: fiff = and |^i| > 2. 

We may w.l.o.g. assume a(W) = /" l_1 / 2 n_1 (/i + / 2 ), by an appropriate choice of / 2 , whence CLAIM 
A follows easily by performing type I swaps between the blocks of Ai and using Lemmas 13.31 and 13.41 
This completes CASE 4. □ 
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In view of CLAIM A, we may assume Si = e\ 1 (ei + a), for some a G Ker(y). Let yo = &\ + a. 

CLAIM B: h(Si) = |5i|. 

Proof. We assume by contradiction a ^ 0. In view of the partial conclusions of CLAIM A, we may 
assume \Ai\ > 2 (in view of CASE 2 of CLAIM A), and, if fift ^ 0, that \A X nC x | > 1 (in view of CASE 
3 of CLAIM A). We proceed in four cases. 

CASE 1: fiff ^ and y \U for some U G A x H C x . 

In view of CASE 1 of CLAIM A, we have n C x | = 1. Hence, if U ± W , then W G C , and 
performing a type I swap between yo\U and some y\Wo results (in view of Lemma l3~Tl 2) in a new product 
decomposition W with a(W') = cr(W), If' g C , Wq G Ci, 2/oIWq an ^ W also satisfying the hypothesis of 
CASE 1. On the other hand, if U = W , then |A| > 2 and |^i nCi| = 1 imply that there is V G .A* f)C , 
and performing a type I swap between j/olW) and some y\V results (in view of Lemma 13.11 2) in a new 
product decomposition W with cr(W') = cr(W), Wq G Co, V G C\, yo\V and W also satisfying the 
hypothesis of CASE 1. Thus w.l.o.g. we may assume U ^ Wo- Since U G C\ and a(W') — a(W) with 
Wq G Ci (with W as in the second sentence of CASE 1), then, letting a (Wo) = Cfi + / 2 , we see that 
a = (1 - C)h - h. 

Let T> x = A* 2 (W') nd(W') and V 2 = A* 2 (W') fl Co(W'). Since |A D C x | = 1 and G C X) we 
have \T>i\ = m — 2, and by CLAIM A we have \T>2\ > 1 (else e\ is a term with multiplicity at least 
(m + l)n — 2 > mn, contradicting that S G .4(G)). If Lemma E^ii) holds for W', then Lemmas 15.31 1 
and 13. Il l imply that a = 0, a contradiction. Therefore Lemma f5.2l Tj holds for W'. Let g and a be as 
given by Lemma l5.2( i). 

Since \V 2 \ > 1, let V G A%(W) n C (W). If = g n , then, performing type III swaps between 
V and some Z G ^ ^ an d between V and Wo, we conclude from Lemmas 13.11 2. 13.11 3 and 13.41 3 
that ip(x) = a for all x\V, whence ge\ + e 2 + a has multiplicity at least mn — 1 in S, as desired. 
Therefore, in view of i(W^) = g n ~ 1 (g + 1) mod n, we see that there exists :e|Wq 2 ' ) = W^ and 
y\V = V such that e'(x, y) ^ {1, n}. Hence, from Lemmas l5.3l 3 (applied to W) and !3.11 2. it follows that 
ft = ±((1 — C')fi — f 2 ), where a(V) = Cfi + f 2 . Thus, since a = (1 — C)/i — /2 and m > 3, we conclude 
that C'h = C/i and a(V) = a(W ). As V G ^(W) nC (W) was arbitrary, we see that cr(V) = C/1 + /2 
for all V G -A 2 (W) n C (W). On the other hand, if Z G Ai(W) n C (W), then, performing type I swaps 
between U and Z, we conclude from Lemma \'6. 11 2 that a = (1 — C")fi — f 2 , where cr(Z) = C"/i + / 2 . 
Thus a = (1 - C)/i - f 2 implies that G"/i = Cfi, and now er(Z) = Cfi + f 2 for all Z G ^i(W) nC (W). 
Consequently, u(Z) = C/i + / 2 for all Z G Co(W), contradicting that h(5(W)) < m. This completes 
CASE 1. 

CASE 2: fig 1 ^ and y |C/ for some U G ^1 n C 

Recall that |^i n Ci | > 1 and \Ai \ > 2. CASE 1 of CLAIM A and the hypothesis of CASE 2 further 
imply that \Ai flCo| = 1. Thus, if U ^ Wo, then Wo G C\, and performing a type I swap between yo\U 
and some y\Wo results (in view of Lemma T3.11 2) in a product decomposition W' with j/o|Wq, W'o G Co, 
a(W') — a(W) and W satisfying the hypotheses of CASE 2. Thus w.l.o.g. we may assume U = Wq. 

Since \Ai CiC±\ > 1, let V G A\ fl C\ . Performing a type I swap between yolW) and some y\V, letting 
W' be the resulting product decomposition, we conclude from Lemma [3.11 2 that a = (C — l)/i + / 2 , 
where a(W Q ) = Cfi + f 2 . Since \Ai n C | = 1 and W G C , let w.l.o.g. Wi, . . . , W m _i be the blocks 
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of A 2 n Co- If x\Wq and y\Wj, with j G [l,m — 1] and i(x) = i(y), then, performing a type III swap 
between x\Wq and y\Wj and between x| Wg and y\Wj, we conclude in view of Lemmas 13.11 3 and l3.H 2 that 
ifj{x) = ij)(y); thus, letting T>t = A 2 n Co and P2 = ^2 ^ ^lj we see that hypothesis (a) holds in Lemma 
15.21 If Lemma l5.2f i) holds, then get + e 2 + a is a term of S with multiplicity at least mn — 1, as desired. 
Therefore Lemma r5.2f ii) holds, whence Lemmas 15.31 2 and 13.11 3 imply that a G contradicting that 
a = (C - l)/i + / 2 . This completes CASE 2. 

Note that if £1q = 0, then (in view of |^4i| > 2) we may w.l.o.g. assume yo\U with U ^ Wo, by an 
appropriate type I swap. Moreover, when Qq — 0, we will w.l.o.g. assume a(W) — J" 1 " 1 f™~ {fi + fo) 
with C\ consisting of those blocks Wj with a(Wi) = ft- 

CASE 3: n l l = and y \U for some U G A\ H C . 

We may w.l.o.g. assume Wo G Ci. Performing a type I swap between yo\U and some y|Wo, letting 
W' be the resulting product decomposition, we conclude from Lemma [3.31 4 that a = / 2 . Let T>\ = 
Al(W) n C 2 (W') and let X> 2 = A£(W) n Ci(W). Observe that \T> 1 \=m-l, else performing a type I 
swap between yo\U and some V £ Ai flC 2 would imply in view of Lemma l3.3l 5 that a — /1, contradicting 
that a = / 2 . If a type III swap between Wq and some Wj € T>\ results in a new product decomposition 
W" with (t(Wq) 7^ <t(Wq), then Lemma [3.31 5 implies <t(Wq) — / 2 , whence, performing a type I swap 
between Jfo | Wo' ^ = Wo^ 1 ' 1 and {/" = J7', we conclude from Lemma 1^21 3 that —a = /1 — / 2 , contradicting 
that a = / 2 . Thus hypothesis (a) of Lemma 15 . 21 holds for W'. If Lemma f5.2f i) holds, then ge\ + e 2 + a 
has multiplicity at least mn — 1 in S, as desired. Therefore, Lemma l5.2f ii) holds, whence Lemmas 15.31 2 
and 13.21 5 imply that a E (fi), contradicting that a = / 2 and completing CASE 3. 

CASE 4: f$ = and y \U e A{ with U (£C . 

We may w.l.o.g. assume U £ C\, If Wo £ Ci, then performing type I swaps between Wo and J7 would 
imply, in view of Lemma [5751 1. that a — 0, a contradiction. Moreover, this also shows that Ai PlCi = {C/}. 

Suppose Wo G C 2 . Performing a type I swap between y \U and some y\Wo, letting W be the resulting 
product decomposition, we conclude from Lemma [3.21 3 that ct(W') = 5(W), Wq G Ci, a = ft — fa and 
net = <r{U') = h- Let V x = A* 2 {W) nCi(W') and let V 2 = A* 2 {W')r\C {W). Since At^C x = {U}, we 
have |2?i| = m — 2. Since nei = /j / /1 1 / 2 , we have Z £ Co with Z G «4|, and thus |I? 2 | > 1. Apply 
Lemma T5.2I to W' . If Lemma r5.2f ii) holds, then Lemmas 15.31 1 and 13.21 1 imply tpiifl) = 0, contradicting 
that a = fi — / 2 . Therefore Lemma l5.2f i) holds, whence gne\ + ne 2 + na = a(V) = ft, where V G T>t- 
If there is a type III swap between Z' = Z and Wq resulting in a product decomposition W" with 
cr (^ / o') 7^ ^(^o): then Lemma l3~T3l 4 implies that <j{Wq) = ft + f%, whence, performing a type I swap 
between yo|Wo' and y\U" — U' , we conclude from Lemma 13.31 5 that —a = — ft, contradicting that 
a = ft — f%- Therefore hypothesis (a) holds in Lemma [5.21 for W' with the roles of X>i and V 2 reversed. 
Apply Lemma [5721 in this case. If Lemma l5T2T ii) holds, then Lemmas 15.31 2 and 13.21 4 imply that a G (/ 2 ), 
contradicting that a = ft — / 2 - Therefore Lemma l5.2f i) holds, whence gne\ +ne 2 + na = a(Z) = ft + / 2 , 
contradicting that gne x + ne 2 + na = ft- So we may assume instead that Wo G Co- 

Performing a type I swap between ya\U and some y|Wo, letting W' be the resulting product decompo- 
sition, we conclude from Lemma [3731 4 that cr(W') = a(W), Wq £ C\, a = — f 2l and net = = /i + / 2 . 
Let T>t — A 2 {W') (~l C 2 (W'). If there is V £ At l~l C 2 , then, performing a type I swap between y \U and 
some y\V, we conclude from Lemma [3.21 3 that a = ft — f 2 , contradicting that a = — f 2 . Therefore 
\Vt\ = m - 1. Let X> 2 = A* 2 {W') n Ci(W'). Since A n Ci = {C}, we have |D 2 | > m - 2. Thus we 
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may apply Lemma [372] to W. If Lemma F5.2lT j holds, then ge\ + e 2 + a is a term of S with multiplicity 
at least mn — 1, as desired. Therefore Lemma [5.2( 11") holds, whence Lemmas 15.31 3 and 13.21 3 imply that 
a = ±(/j — f 2 ), contradicting that a = — f 2 . This completes CASE 4. □ 

There exists e' 2 G e 2 + nG such that (e\, e' 2 ) is a basis for G. Thus, after changing notation if necessary, 
we may suppose that (ei,e 2 ) is a basis of G. If g G G and x, y G Z with <? = xei + ye2, then we set 
ni(g) = xei and ir 2 (g) = ye 2 . 

CLAIM C: There exists Xo\S 2 such that x — y G (ei) for all xi/\xq 1 S 2 . 

Proof. We need to show that there exists xq\S 2 such that n 2 (ip(x)) = n 2 (tp(y)) for all xy\x ~ 1 S 2 . We 
divide the proof into four cases. 

CASE 1: 0^0 and there is f7 G A\ fl Ci. 
In this case, we have 

(16) nej - o-(lT) = / x . 

Let V E A 2 . Perform type (II) swaps between Wq and V. If V, Wq G Ci, then we conclude from Lemmas 

( 2) 

O l andHl that n 2 (i>(x)) = a 2 (say) for all x\VW^ '. If V, W G C , then we conclude, from Lemmas 
I3.1I 3 and l3.4l l and (fT^|) . that i/> 2 is constant on T^Wq > whence (|T^| further implies that ir 2 (ip(x)) = a 2 
for all x\VW^ 2) . If |{V, W }nCi| = 1, then we conclude from Lcmmas[3lU2 and[3Tl3 that TT 2 (tp(x)) = a 2 

1 (2) (2) 

for all z\xq VWq , for some xoI^Wq . If tt 2 (iP(xq)) a 2 and ccol^, then pull xq up into a new product 
decomposition W' and assume we began with W' instead of W (note that (flU)) holds independent of 
W and that a(W) = a(W') follows by Lemma l3~Tl 2. so all previous arguments can be applied to W 
regardless of whether _4*(W) <~)Ci(W) is nonempty or not). Doing this for all V G A 2 , we conclude that 
there is an xq\S 2 such that Tr 2 (ip(x)) — a 2 for all x\xq 1 S 2 , completing CASE 1. 

CASE 2: Q% ^ and A x f\Ci = {W }. 

Performing type II swaps between Wo and each U G A 2 fl C\ , we conclude from Lemmas 13.41 1 and 
Ol that n 2 (ip(x)) = a 2 (say) for all x\W^U, with U G A\ H C x . Let w.l.o.g. Wi, . . . , Wi be the blocks 
in _4 2 n C , and let W m +x, W 2m -2 be the blocks in A* 2 C\Ci. Note I > 1 else CLAIM C follows by 
the previous conclusion. Performing type II swaps between Wq and Wj, with j G [1,1], we conclude from 
Lemmas 13.41 3 and 13.11 2 that ir 2 (il>(x)) — a 2 for all x\zJ l Wj, for some Zj\Wj. We may w.l.o.g. assume 

■K 2 (^( Zj )) ^ "2 for j G [1, 1'] and 77 2 (^(^)) = a 2 for j G [V + 1, /]. We have V > 2 else CLAIM C follows. 

f 2) 

Perform a type II swap between zi\W\ and any term y|W > and let W' denote the resulting product 
decomposition. Since ir 2 (tp(z 1 )) ^ a 2 , we are assured that ir 2 (o-(Wo)) ^ it 2 (<t(Wq)), and hence a (Wo) ^ 
cr(Wo'). Thus Lemma[37Ej2 implies that a(W') = a(W), W G C and W{ G C x . 

Now pull the term z 2 \W 2 up into a new product decomposition W" . Note by Lemma 13.11 2 that 
<r(W") — a(W). If Wq G Ci, then the arguments of the first paragraph show that 772(^(^2)) = ol 2 , 
contradicting that V > 2. Therefore W 2 G Ci instead. However, noting that S/Wq^IWq , for some 2/|Wq 2 ^ 

( 2^ 

(since a(i(W^ ')) = 1 mod n and ct(l(W 2 )) = mod n), we can still perform the swap between y\W 
and zi\W" — W\ described in the previous paragraph, which results in a new product decomposition 
W" 1 in which the m blocks 

wi" = wi w 2 " = wg, w::: +l = w m+1 , . . . , wz_ 2 = w 2m - 2 
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all have equal sum fx, contradicting that S' G -4(G), and completing CASE 2. 

CASE 3: Either (f$ ^ and A 1 r\C 1 = 0) or (f$ = and W f C ). 

If £1q = 0, we may w.l. o.g. assume a(W) = fT^fT^ih + h) with d those blocks with sum /i 
and C2 those blocks with sum f 2 , and that Wo G C2. Let w.l. o.g. W\, . . . , W s be the s < m — 1 blocks 
of Ci n ^. Let ct(Wo) = C/i + / 2 and F = (C — + / 2 . If f$ ^ 0, then we have s = m - 1 by 
hypothesis. If s = 0, then \A\ P\Ci\ = m — 1, implying ei is a term with multiplicity at least ran — 1 in 
S 1 (in view of CLAIM B), as desired. Therefore we may assume s > 0. 

We claim, for any W satisfying the hypothesis of CASE 3 and notated as above (and in fact, if 
W 6 Oft", we will not need that fig = 0), that 

(17) n 2 (^W^ f[W u )) = q^- 1 

for some xo|W / d 2 ' ) Il^=i W v and q 2 G Kei(<p). To show this, perform type II swaps between Wq and 
Wu i e [l,s\. If n 2 (F) = 0, then Lemmas jjl and either O 2 or 03 imply that ([J?]) holds with 
^ 2 (xo) = q 2 as well. If 772(F) ^ and (|17p fails, then Lemmas 13.41 3 and either l3~Tl 2 or 13.21 3 imply 
that T72(ip(z)) — (72 (say) for all z\x~ 1 x ~ 1 W Wi, for some Xi\Wi, i G [1, s]; moreover, s > 2 and 
w.l. o.g. 7^(^(211)) and ir2(ip(x2)) are not equal to q2- Pull a;i|Wi up into a new product decomposition 
W'. If <t(Wq) — a(Wo), then the arguments of the previous sentence imply either 7r 2 (V'(£i)) = q 2 or 
7^(^(2:2)) = q2, a contradiction. If <t(Wq) ^ cr(Wo) and £ fig, then Lemma l3~Tl 2 implies that 
W £ with £ Ci, whence CLAIM C follows in view of CASE 2 applied to Therefore we may 
assume (j{Wq) 7^ a(Wo), W G SIq" and Wq G Ci (in view of Lemma I3T2T 3). Let y be a term that divides 

f2) (2.) 

both IL^ and (possible since a(i(Wo)) = 1 mod n). Choose / such that mini = i{y) mod n, 

and consequently e(y, z) = for any z (in view of (|10p). Note that while the new choice of / may change 
the overall value of ip( x ), where x\S 2 , in a nontrivial manner, nonetheless, the value of n 2 (?p(x)) remains 
unchanged. Perform type II swaps between y\ Wq and any z\W 2 . In view of our choice of /, Lemma l3.2l 3 
and 712(^(^2)) # <Z2, we conclude that -ip(x 2 ) + ip(y) = F = - fx + f 2 (since -7^(^(212)) +^2(^(2/)) 0, 
implying -ij)(x 2 ) + ip(y) ^ 0), and that —tp(z) + ij)(y) = if z ^ x 2 (since —ir 2 (t()(z)) + 7r 2 (^(?/)) = 0); 
in particular, ^1(^2) 7^ ^1(2) for z\x 2 ~ 1 W2- However, performing type II swaps between h\Wq and any 
z\W 2 — W 2 , we conclude from Lemma 13.21 1 and the choice of / that ipi is constant on W2 = W 2> 
contradicting the previous sentence. Thus (jTTJ) is established in all cases. 

Next we proceed to show that s = m — 1. To this end, suppose s < m — 1. As noted before, we 
may then assume Qq = 0- Let U G A\ fl Ci (which is nonempty by the assumption s < m — 1). Then 

/1 = <x(t/) = nei. Let and 92 be as defined by (jTTJ) . Thus, performing type II swaps between a fixed 

-. (2\ 

xi\xq Wq and any y\V G A 2 n (C2 U Co), we conclude from fi = cr(U) — ne\ and Lemmas 13.21 2 and 
[3215 that xjj 2 (V) = tp 2 (xi) n for all such blocks V G A* fl (C2 U C ). Hence, in view of nei = /1, we 
conclude that iT2(ip(V)) = Tr 2 (il>(xi)) n — q r 2 l for all such V, which combined with (JTTJ) implies CLAIM C. 
So we may assume s = m — 1. 

In case W G £Iq u , we have assumed = 0. However, we will temporarily drop this assumption, 
allowing consideration of W G fig" even when Slg ^= 0, provided it still satisfies the hypothesis of CASE 
3 and follows the notation given in the first paragraph with s = m — 1. This will extend until the end of 
assertion Al below, which shows that the exceptional term xq in (JTTJ) is not necessary. 
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Al. For every W e O satisfying the hypotheses of CASE 3 (allowing W £ fig" even if 1]J ^ 0), we 
have ^(i/K^o)) = Q2, where q 2 and xq are as given by (fT7|) . 

Proof of Al. Assume instead there exists W £ satisfying the hypotheses of CASE 3 with 
^2(^(^0)) + <?2- 

Suppose xol^j with j > 0. Pull up an arbitrary y\Wk £ A 2l with k > m, into a resulting product 
decomposition W" (such a block exists, else (|17|) completes CLAIM C). If W" satisfies the hypotheses of 
CASE 3, then applying (fT7|) to W" we conclude that 772(^(2/)) = <Z2, whence CLAIM C follows in view of 
([17]) and the arbitrariness of y. Therefore we may instead assume W" does not satisfy the hypotheses of 

CASE 3, whence, in view of CASES 1 and 2, we may assume W" £ fi m with £ C (W"). 

(2) (2) (2) 

Let z be a term dividing both W and Wq (which exists in view of a(i(W )) = 1 mod n). Note 

that we cannot have = tp(z) — ip( x o) + e ( z i Xo)nei, as then = ^{tpixo)) — 00 0*0) = ^(VK^o)) — 12, 

a contradiction to ^(^(^o)) 7^ 12- Thus, in view of (fT7|) and Lemma 13.21 3 or 13.11 2. it follows that 

( 2) 

performing a type II swap between cco|Wj and z\W results in a new product decomposition W in 
which o-(Wj) — Cfi + f 2 and o-{Wq) = f\. Thus, iiW £ 0$, then we can apply Lemma UTTl to conclude 
W" £ S7g , contrary to the conclusion of the previous paragraph. Therefore we may assume W £ VLq u , 
Hence, from W" £ fl lu and Lemma EH it follows that a{W") = a(W), whence cr(W^) = fx + f 2 

(2) 

(in view of Wq £ Cq{W")). However, since z|Wq ; , we may still apply the previously described swap 
between xq\W" — Wj and z\Wq now in W" , which results in a product decomposition W'" £ f2' with 
Vf 2 (a(W"')) = m (as cr(W/') = a(W^) = Cf x + f 2 = f 2 and a{W'f) = a{Wj) = /1), contradicting that 
S £ A(G). So we may assume a;o|W^o- 

(2) 

Perform a type II swap between an arbitrary x|Wg and y\Wj with j £ [1, m — 1]. In view of Lemma 
ETT1 2 or03, it follows that 



(18) e(x, y)nei + ip(x) — ij;(y) £ {0, F}. 

If x = xo, then it follows, in view of ^(i/K^o)) - iT 2 (ip(y)) = ir 2 (ip(xo)) — q 2 ^ and (fT8"|) . that e(xo, y)ne\ + 
i/)(xo) — ip(y) = F, and thus 

(19) ^ 7r 2 (^(a;o)) - 92 - m^xo)) - M^(v)) = M?)- 



Consequently, if x 7^ xq, then, from ir 2 ('ip(x)) — Tr 2 (ip(y)) — Q2 — 12 = (in view of (|17j) ) and (|18p and 
(HH), it follows that 

e(x, y)nei + ip(x) - ijj(y) = 0. 

As y\Wj with j £ [l,m — 1] and x\xq W were arbitrary above, we see that we can apply Lemma 15.41 
with i = 0,Z = x^Wq^ and V = {Wi, . . . , W m _i}. 

Thus we can choose I appropriately so that, for some q £ Ker(yj), we have that 

(20) $(x) = q 
for all xlx^W^ W v , and that 

(21) l(x) < t(y) 

for all x\xq Wq and y\Wi, i £ [\,m— 1]. By performing a type II swap between X0IW0 and each y\Wi, 
with i £ [l,m — 1], we conclude, from ir 2 (ip(xo)) 7^ 12 = ^2(9) and either Lemma 13.11 2 or 13.21 3. that 

(22) i/,(xo) - q + e{xo,y)nei = (C - l)/i + / 2 . 
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Thus e(xo, y) must be the same for every y\Wj with j G [1, m — 1]. As a result, it follows in view of (fit))) 
that either t(x ) < min(supp(t(n^=i 1 W v ))) or l(xq) > max(supp(t(n^=i 1 W v ))). In the latter case, we 
may choose I such mini = l(xq) mod n, and thus, in both cases, we have (in view of |2lj)) 

(23) t(x) < t(y) 

for all x|Wg 2 ^ and y\Wi, i G [l,m — 1], while still preserving that (j2"U|) holds for some q G Ker(<y9) (since 
([2"3"|) was all that was required in the proof of Lemma \5. 41 to ensure (j2"U|) held). Consequently, (j^]) and 
(fTU]) imply that 

(24) ^{x ) = q + F = q + {C-l)h+h. 

Let y|Wfc G with k > m and W2(tp (yj) ^ qi; such a term and block exists else CLAIM C follows in 
view of (fTT|) . If y\Wk could be pulled up into a new product decomposition W with xolWg", then W must 
still satisfy the hypothesis of CASE 3 (by the same arguments used when xo|Wj with j > 0), whence 
applying (Tl7|) to W' implies ^(i/^xg)) = qi or ^{ipiy)) = q2, contrary to our assumption. Therefore we 
may assume this is not the case, whence Theorem 12.61 2 implies that 

(25) l(W™) = gig^-hixo) and i{W k ) = g^Mv), 

(2) 

for some g\, gi G 1 with gcd(<?i — g2,n) = 1. If there existed x |Wq such that e(x' Q ,z) — e(xo,z) for 
some z\Wk, then we could apply a type II swap between z\Wk and each of Xo|Wo and XqIVIo, which 
in view of Lemma 13.11 3 or Lemma 13.21 would imply that "02 (^o) = ^(xp) = ipu{Q), contradicting (1241) . 
Therefore we may assume otherwise, whence (|10[) implies either 

— 1 (2) 

(26) t-(xo) < min(supp(i(Wfc)) < max(supp(t(T40c)) < min(supp(t(x W )) 
or 

1 ('2') 

(27) i(xo) > max(supp(i(Wfc)) > min(supp(t(Vyfe)) > max(supp(t(xQ Wq )). 

In either case, we see that |supp(t(Wfe)) n supp(t(Vy o ))| < 1. As a result, (f25l) implies that w.l.o.g. 
l = n-l, l(W^ 2) ) = g 7 l~ l i{x ) and t(W k ) = g^^y). Thus cr(t(W fe )) = mod n and o-(i(W (2) )) = 1 
mod n imply that b(Wk) = g% and l{xq) = g\ + 1 mod n. 

If (|2"6"|) holds, then from t(xo) = g\ + 1 mod n and ([2"B"|) it follows that max / = 51 mod n. However, 
in view of (|23|) . this is only possible if i(x) = g\ mod n for all x|xq ^Wq^ IC=iW„ in which case, since 
ip(x) — q also holds for all such terms (in view of (|2"D|) ). it follows that S contains a term with multiplicity 
mn — 1, as desired. Therefore we can instead assume (|27p holds. In this case, it follows, in view of (I27p . 
l(xq 1 Wq 2 ' 1 ) = .g™ _1 and l(xq) = g\ + 1 mod n, that 

{ 32 } = supp(t(W fc )) - supp^x^ 1 !^)) = 
contradicting that gcd(gi — g2,n) = 1. □ 

We now return to arguments where we assume = when W G f2g u . In view of Al, we may assume 
Tr 2 {ip(x)) = q 2 for all x|Wq 2 ^ n™^/ W v . Let y\Wk, with Wk G ^2 and fc > m, be arbitrary. If we can pull 
up y into a new product decomposition W' such that either W' G £7q, or else W' G fijj" and Wq ^ Co(W'), 
then it follows, in view of CASES 1 and 2, Al and (fTTf . that we may assume 7r 2 (^(y)) = 52 also (note 
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this is where we need that W G £Iq u is allowed in Al even when Qg 7^ 0)- However, this can only fail if 
(by an appropriate choice for f 2 in the case when W G fig) w.l.o.g. 

(28) a{W) = fT- l f?- 2 {Ch + / 2 )((1 - C)h + f 2 ), 

with cr(Wfc) = (1 — C)fi + /a and (recall) <r(Wo) = C/i + f 2 . Consequently, we see that there is at most 
one block Wk for which this can fail (as Wq ^ Co when Oq = 0). As CLAIM C follows otherwise, we may 
assume Wk G A 2 exists and that a(W) is of such form, and w.l.o.g. assume k — 2m — 2. Then 

(29) Ch + h = <r(W ) = Y x ne x + ne 2 + nq 2 , 

(30) h = <?{Wx) = Yinex + ne 2 + nq 2 , 

for some Yi G Z. From (|2"9")1 and (|5D|) , we conclude that 

(31) (C-l)f 1 + f 2 e(ne 1 ). 

If there exists U € A\, then rtei = ct(£/) = f 2 (in view of (j2"gj) . s = to — 1 and Wfc = W 2m ~ 2 G ^2); 
thus from (f3Tjl it follows that (C — l)/i G (/a), which is only possible if C = 1 mod m, contradicting 
that W Cq when W G il m (in view of (|2"8f ). So we may instead assume |^4i| = 1. This same argument 
also shows that ^i(nei) ^ 0. Let 2? = {W m , . . . , Wa m - 2 }. 

If i> 2 (ne\) = 0, then ne\ G which combined with ([3"T]) yields a contradiction to (/i,/ 2 ) being 

a basis. Therefore 0> 2 (nei) ^ 0. Thus, in view of Lemma f3.H 3 or Lemmas 13.21 5 and 13.21 2. it follows 
that we may apply Lemma 15.41 with Z = Wq , i = 2 and 2? as given above. Choose I as directed by 
Lemma I5~4l (as mentioned before, changing I does not affect the value of Tr 2 (tp(x)), and thus (jTTJ) remains 
unaffected). Then 

(32) ifa(x) = a 2 , 
for all a;|Wo Ytt^m^ W v and some 02 G (/a), and 

(33) l{x) < i(y), 

for all ^|Wo (2) andy|n^ 2 ^. 

Let yo\W 2m - 2 with 7r 2 (V->(yo)) ^ 92 (such j/ exists, as discussed above, else CLAIM C follows). Let W 
be an arbitrary product decomposition resulting from pulling up yo into a new product decomposition. 
Since 7T 2 (t%o)) + <?2, we have (as discussed earlier) a{W) = /f" 1 j 2 ~ l (fx + f 2 ) with a{W^) =fi + fo. 
Let X = gcd(W (2) , W^ 2) ) and let A', F' and Y be defined by W (2) = XX', W^ (2) = XY' and W 2m -2 = 
YY'. Thus W 2m _ 2 = X'Y . Note that all four of these newly defined subsequences are nontrivial in view 

(2) 

of ct((.(Wq )) = 1 mod n and <r(L(W 2m - 2 )) = mod n. 

Let 2?' = {Wq, W[, . . . , W' n _ 1 }. In view of Lemma and ifti(nei) 7^ 0, it follows that we can apply 
Lemma O with i = 1, Z = Wq 2) , and V taken to be V (however, do NOT change I). If © holds, 
then (in view of (I10p ) we can find z\Wj, for some j G [1, to — 1], such that e(yo, z) — e(x, z), where x\X. 
Applying a type II swap between z\Wj and each of x\Wq and Ho\Wq, we conclude from Lemma 15721 4 that 

f 2) ______ 

ipi(x) = tpx (yo)- However, since x\X and A|W , it follows from (f3"2")) that tp2(x) = ^2(2/0) also, whence 
tj)(x) = "0 (yo), implying q 2 — Tt 2 ( , ip(x)) — Tt 2 ('ip(yo)), contrary to assumption. Therefore we may instead 
assume (jSJ holds. Moreover, if both y and some x\X are contained in the same interval Ji (from ©), 
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then we can repeat the above argument to obtain the same contradiction. Therefore it follows, in view 
of that ijo € J 2 and X C J\. 

(2) (2) 

Let z\Wq ' and z'\Wj with j > to be arbitrary. Performing a type II swap between z\Wq ' and z'\Wj, 
we conclude from Lemma 13.21 5 that 

ip 2 {z) - ip 2 {z') + ip2(e(z, z')nei) = 0. 

Thus (f32l) implies that ip 2 (e(z, z')ne\) = 0, which, in view of ip 2 (nei) ^ and ([101) . implies that e(z, z 1 ) = 
and 

(34) l{z) < l(z'), 

(2) 

for any z\Wq ' and z \Wj with j > to. 

Applying (|3"4"|) using and and j = 2m — 2, we conclude in view of (|3"3")l that 

2m -2 

(35) i(z) = max(supp(t(Wo (2) ))) = min(supp(t( W u ))) = i(z'), 

v—m 

for any z'\X' and z\Y' . 

From (|3"5"|) applied with z — yo, we see that there is 2/ol^o with i{y' ) = i(yo)- Thus y can be pulled 
up into a new decomposition W" by exchanging yo\W 2m ~ 2 and j/ol^o, and all of the above arguments 
(valid for an arbitrary W' obtained by pulling up yo|I / F 2 m-2) are applicable for W" . In particular, 
y'^W^ = X C Ji and y Q e J 2 imply, in view of Y = Vo 1 W 2m - 2 , © and ([55*)l . that 

(36) max(supp(t(?/o~ 1 W / (2) ))) < min(supp(t(W / 2m -2)))- 

If we could pull up y' yo\Wo W 2m - 2 into a new product decomposition W'" , then (J3SJ) would imply 
that X' contains a z' with t(z') < i(ya), which would contradict (|34|) applied with z = yo and z' = z'. 
Therefore we can assume otherwise, whence Theorem 12.61 2 and (|36[l imply that |supp(i(yg _1 W^ 2 ' ) ))| = 

— 1 f2) 

|supp(i(y W2m-2))| = 1. Thus ct(l{Wq )) = 1 mod n and <j{L(W 2m - 2 )) = mod n force that 
i{W 2m -2) = 9 n and l{W^ 2) ) = (g - l^g, where t(y ) = <y ) = <?■ Consequently, |, I C Ji 
and yo S J 2 (in the case when W — W") force that l(z) = g for all z|y _1 Wo Yl^L^ Wt. 

Applying type III swaps among the Wi, i € [1, m — 1], we conclude from Lemma f3.3U or 13. Il l that 
^{x) — g (say) for all x\Wi, i € [1, to— 1]. Applying type III swaps between Wo and W\, we conclude from 
Lemma l3~2l 3 or 13.11 2 and Lemma l3~4l 3 that ip(x) = g for all x\y' ' ~ 1 y'o~ l W^ i \ for some y'o lyo" 1 ^^' ano ^ 
that ip{y'o) = 9 or 9+(C — l)/i + / 2 . Applying a type III swap between y'o\WQ and some z\W" in W", we 
conclude from Lemma ET2l 4 that V'i(yo) = *Pi( z ) — ^lil), whence we see that tp{y'o) = 9+ (C~ l)/i + / 2 
is impossible (since C = 1 mod to would contradict that Wo ^ Co when W € fi™; see (|2"8)l ). Thus 
i>{y'o) — g as well, and gei + e 2 + q has multiplicity at least tott, — 1 in S, as desired, completing CASE 3. 

CASE 4: fig 1 = and W eC . 

We start with the following assertion. 

A2. If Oft = 0, W £ n r m with a(W) = /r _1 / 2 m_1 (/i + /2), Wo eC , and \A 2 C\Ci\ > 1 for aU i e {1,2}, 
then / can be chosen such that one of the following properties holds : 

(i) |supp(V(IFo (2) ))l = 1- or 

(ii) (a) Vi(nei) ^ for all i e {1, 2}, 
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(b) there exist gi, g 2 G Z such that gcd(gi — g 2 , n) = 1 and l(U) = g™ an d t(V) = (? 2 > f° r 
every J7 G ^ n C x and V £ ^ n C 2 , 

(c) 31 > 32 and t(x) < 31 for all x|Wq , and 

(d) if also \A 2 nCj| > 2 for all i G {1, 2}, then there exist c, d £ Ker(yj) such that ^(^0 = c " 
and ^(V) = d n for every U G ^ n C x and V G ^ D C 2 . 

Proof of A2. We may w.l.o.g. assume Ci are those blocks with sum /1. Performing type II swaps 

(2) (2) 
between each x\Wq and each y\U € Pi C\, and between each x\Wq and each z|T/ G A 2 fl C 2 , we 

conclude from Lemma 13.21 that 

(37) ip!(x) = ipxiy) ~tfj 1 (e(x,y)ne 1 ), 

(38) ^2(2;) = ij>2(z)-ifa(e{x,z)nei), 
where (JTUJ) holds. 

Since ord(ei) = mn, one of tpi(nei) or ^> 2 (nei) is nonzero, say the former (the other case will be 
identical). Then, in view of (|37|) . we may apply Lemma IOI with i = 1, Z = Wq and P = A%, C\C\. 
Consequently, we can choose I such that 

(39) i{x) < i(y), 

f2) f2~) _____ 

for all a;| Wq and y\U G »4 2 fl Ci , and V'l is constant on . If ^> 2 (raei) is zero, then ([3"5)) implies that i/> 2 
is also constant on W , whence (i) holds. Therefore we may assume otherwise, and (a) is established. 

(2) (2) 

Likewise, if there is some z\V G A 2 fl C 2 with i(z) > max(supp(t(W )) or l{z) < min(supp(t(Wg ))), 
then (i) again holds (in view of (flu]) and (|38pV So we may assume otherwise: 

(40) min(supp(t(I^ (2) ))) < l{z) < max(supp(i(iy o (2) ))), 

for all z\V G A 2 H C 2 . Consequently, it follows in view of |3^|) that both supp(t(J| (7e ^, nCi [/)) and 
supp(i(l\ VeA , nC2 V)) are disjoint. 

Suppose |supp((.([/))| > 1 or |supp(i(V))| > 1, for some U G A 2 n C\ or V G A* 2 n C 2 . Then we 
may find ito|£/ and «o|^ such that |supp((.(M^" 1 ?7))| > 1 or |supp(i(w _1 y))| > 1, whence it follows, in 
view of Theorem l2.6l 2 (applied to l(uq Vq UV) modulo n) and the fact that supp(t(]^[ ;7e _ 4 , nCi U)) and 
supp(t(J|y g _ 4 , nC2 V)) are disjoint, that we can refactor UV = U'V such that U' and V' both contain 
terms from both U and V. Replacing the blocks U and V by the blocks U' and V yields a new product 
decomposition W' G flo; in view of Lemma \3. 21 3. we still have a(W') = cr(W), whence W satisfies the 
hypotheses of A2. However, since both U' and V' contain terms from both U and V, it follows that both 

( 2) _____ 

U' and V contain a term z'\U with l(z') > max(supp(t(Wg ))) (in view of l[3"9"|) ). as well as a term 

(2) f2l 

with min(supp(t(M /r ))) < t(z') < max(supp(i(Wo ))) (in view of (|40|) ). which makes it impossible for 
© or @ to hold for W' , contradicting that the above arguments show Lemma I5T41 must hold for W'. So 
we may assume |supp(t(J7))| = 1 and |supp(t(V))| = 1 for all U G A 2 fl C\ and V G A 2 <~)C 2 . Moreover, 
this argument also shows that if l(U) = g™ and l(V) = g 2 , then gcd(<?i — g 2 ,n) = 1. 

Suppose |supp(i(H;76^*nCi ^0)1 > or l su PP( i (ny6^*nc 2 ^))l > ^' sa y I0rmer ( tne other case will 
be identical). Then there are Ui, U% G ^. 2 nCi and F G A 2 nC 2 with t(Z7 x ) = g 1; t(J7 2 ) = ^ and i(V) = g 2 , 
where g\ g[. We have gcd(gi — g[, n) = 1, else repeating the arguments of the previous paragraph, using 
Ui and U 2 in place of U and V, we obtain a W G f^o satisfying the hypotheses of A2 but such that the 
conclusion of the previous paragraph fails, whence 1 = |supp(-0(M / o' 2 ^))| = |supp('(/'(Wo^ 2 ^))| must hold 
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by prior arguments, yielding (i). Hence, since gcd(<?i — g2,n) = 1 and gcd(g[ ~ g 2 ,n) = 1, it follows that 
all n-term zero-sum modulo n subsequences of gi~ 1 g[ n <?2 _1 have support of cardinality three. Thus, 
by two applications of Theorem l2.6l l. we see that we can refactor U1II2V — XYZ such that X, Y and Z 
all contain terms from each oiU\, U2 and V (note, since |supp(t(X))| = 3, that i{YZ) C g^ 1 g'^ 11 g 1 ^ 1 ) ■ 
Replacing U\, U2 and V by X, Y and Z yields a new product decomposition W' £ Oq; in view of CIq = 
and m > 5, we still have a{W) = cr(W), whence W satisfies the hypotheses of A2. However, since 
X, Y and Z each contain terms from U\, U2 and V, we see that the condition |supp(t(J7))| = 1 for 

(2) (2) 

U £ A 2 fl C\ fails for W , whence previous arguments show |supp(V>(W ))| = |supp(V>(Wo '))\ = 1, 
yielding (i). So we may assume |supp(t(n;y e .4«nCi U ))\ = 1 and l su PP( t (ny e ^nc 2 = and w - L0 -g- 
assume supp(i(Y[ UeA * nCl U)) — g\ and supp(t(J|y g _ 4 , nC2 V")) = g 2 . This establishes (b). Moreover, by 
the arguments from the second paragraph, we see that we can choose I such that (c) holds. 

We now assume \A2 n C<| > 2, for all i £ {1,2}. Performing type III swaps between distinct Ui, U2 £ 
A 2 nCi and between distinct V\, V2 £ A 2 fl C 2 , we conclude from Lemma 1331 that ip(U) — c (say) for all 
U £ A\ H C\ and that i/j(U) = d (say) for all V £ A\ fl C2 , establishing (d), and completing the proof of 
A2.D 

Since Qq = 0, it follows, in view of Lemma 13.31 that if we pull up any term y\U , where U £ A 2 , then 
we may assume the resulting product decomposition still satisfies the hypothesis of CASE 4, else CASE 

3 completes the proof. Thus, if for every product decomposition satisfying the hypothesis of CASE 4 we 

(2) 

can find I such that |supp(-0(H / o ))| = 1, then, since modifying / does not alter the values Tr 2 (ip(x)), 
we would be able to conclude jsupp^^^)))! = 1 — by successively pulling up terms y\S2, yielding a 

sequence of product decompositions satisfying the hypotheses of CASE 4, until every such y occurred 

(2) 

in the Wq part of one of these product decompositions, and then noting that there must always be a 

(2) 

common term in Wq between any two consecutive product decompositions in the sequence (in view of 
(2) 

(t{l{Wq )) = 1 mod n) — completing CLAIM C. Therefore we may assume this is not the case for W. 
Let w.l. o.g. a(W) = fi^f^ih + h) and C x consist of those blocks with sum fi. 

Note that we must have A\ fl C\ and A\ fl C2 both nonempty, else in view of CLAIM B it would 
follow that e\ is a term of S with multiplicity ran — 1, completing the proof. Thus A2.(ii)(a) implies 
that ipi(nei) ^ for i £ {1,2}. As a result, we cannot have a block U £ A\ (else ne\ = <j(U) = fi 
or / 2 ). Hence = 1, implying \A^ C\C\\ > 2 and \A 2 (H 1 > 2. Thus, by choosing / appropriately, 

A2.(ii)(a-d) holds for W . 

(2) (2) 
Suppose supp(t(WQ )) 7^ {31, g 2 }. Then there must be some xo|Mq with i(xq) £ {31, 32} (in view 

(2) 

of cr(t(W / )) = 1 mod n). Since gcd(gi — g2,n) — 1, there is no n-term zero-sum mod n subsequence 
of gi g% • Thus applying Theorem 12.61 1 to g™ g% i(xo) implies that we may find a subsequence 
Ui\W^ 2) UV, where U £ A\ n C\ and V £ A* 2 D C 2 , such that x \U x and supp(t(z" 1 C/i)) = {g u g 2 }. 
Consequently, v gi (Ui) < n - 2, and thus v ffi (i(C7f 1 W^UV)) > 2, for i = {1,2}. Thus, if there were 
no n-term zero-sum mod n subsequence of i.(E/{" 1 W^UV), where -uilf/f 1 ^ and vi\Ui 1 V, then 

Theorem[Hj2 would imply that ^U^W^UV) = g{ l g 7 2 \ whence 

1 = a(L(W^ 2) UV)) = ct(l(Ui)) + ngi +ng 2 = mod n, 

which is a contradiction. Therefore we may assume there exists such a subsequence l(U 2 ), where 
U 2 \U^ 1 u^ 1 v^ 1 W^ ) UV. Let be defined by W UV = UiU 2 W^. Then replacing the blocks Wq, U 
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and V with the blocks Wq, U\, and U% yields a new product decomposition W € fio- Since Qq = and 
m > 4, we must have a(W) — a(W), and we may further assume Wq & Co else CASE 3 completes the 
proof. Thus W' satisfies the hypotheses of CASE 4, but since |supp(i(J7i))| > 1, we see that W does 

(2) 

not satisfy A2.(ii). Thus A2.(i) implies that we must have |supp(7T2(V'(W / o ))l = 1 (note we do not 

(2) 

have |supp(V'(W ( 5 )| = 1 as we would need to change I for this to hold); since Ui«i|Wo, this implies that 

7T 2 (c) = 7r 2 (^(Mi)) = 7T 2 (^(wi)) = 7T 2 (d). 
1 (2) 

Let x\xq Wq be arbitrary. By Theorem 12.61 1. it follows that there is an n-term zero-sum mod n 
subsequence of L{x~ l U^ l W m UV), say l(U 3 ) with U^x^U^W^UV . Let Wq be defined by WqUV = 
UxU^Wq . Then replacing the blocks Wq, U and V with the blocks Wq, U\, and U3 yields a new product 
decomposition W" £ fio, and as before we may assume W" satisfies the hypotheses of CASE 4 with 
a{W") = a(W). Thus, since |supp(t(£/i))| > 1, we see that W" does not satisfy A2.(ii), and so we must 
have 

(41) |supp(^« (2) ))| = 1. 

(2) 

Since Xo\U\, it follows in view of the pigeonhole principle that we must have a term x \Wq with 
x'\UV, and thus with n^i^pix 1 )) = ^(c) (in view of the previous paragraph). Since a;|Wo', this implies 
■K2(ip(x)) = 7r 2 (c) (in view of |[1I|1). As xlcc^" 1 ^ 2 ^ was arbitrary, we conclude that every x\xq 1 5 2 has 
7r 2 (f/;(x)) = 7r 2 (c) = 7r 2 ((i), completing the proof (in view of A2.(ii) holding for W). So we may instead 
assume supp(t(W v ')) = {gi, g 2 }- 

Since |^li| = 1, let w.l.o.g. W\, . . . , W m -i be the blocks of A\ n C\, and let W m , . . . , W 2m -2 be the 

(2) 

blocks of A2 n C 2 . Let Wq = b\ ■ . . . ■ b%b x ■ . . . ■ b n _ t with t(bi) — g\ and i(b'j) = .g 2 . Applying type III 
swaps between &j|Wo and j/|Wi, it follows from Lemma 13.31 4 that we may assume ip(bi) = ip{y) = c for 
all i (else CASE 3 completes the proof). Likewise applying type III swaps between b'^Wo and z\W m , it 
follows that ipib'i) — t/j(z) = d for all i. Consequently, we may assume t S [2, n — 2], else S contains a 
term with multiplicity at least mn — 1, as desired (either giei + e 2 + c or g 2 £i + e 2 + d). 

Applying type II swaps between &i|Wo an d z \W m and between 6^|Wo and J/|Wi, it follows, in view of 
Lemma IX2l (fTU|) and g\ > g 2 , that 

(42) d-ce(f 2 ), 

(43) c-d + nexE {fx). 

(2,) (2.) 

Since t G [2, n — 2], we have 6162 |Wq and &i &2 1 ^0 ■ ^et Y be a subsequence of Wx and Z be a 
subsequence of W m with \Y\ = \Z\ = 2. Applying type II swaps between 6^6 2 |Wo and Y\Wx and between 
bx 62 1 Wq and Z\W m , we conclude from Lemma f3T2l that 

(44) 2{d-c) + e{b' 1 b' 2 ,Y)nex £ (f 2 ), 

(45) 2(c -d) + e(bxb 2 , Z)nex G (A). 



Observe (in view of 51 > <? 2 ) that 
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Likewise 

e{bib 2 ,Z)nei = < +1 
[ 2ne 1 , if gi - g 2 > 

Thus, if gi - g 2 < then (gSJ) and imply that c — d G (/i), which combined with (@3J) implies 

that c = d, in which case CLAIM C follows. On the other hand, if gi - g 2 > n ^-, then (JS]) and PS]) 
imply that nei € (/2), which contradicts that A2.(ii)(a) holds for W, completing CASE 4. □ 

CLAIM D: h(S) = mn - I. 

Proof. Let S' 2 = Xq 1 S 2 , with x as in CLAIM C, and let S' = SiS' 2 . By Proposition gj and CLAIM 
B, we have Si = ei' Sl ', \Si\ = in — 1 and \S' 2 \ — 2mn — in — 1, for some ^ > 1. If £ > m, then e\ is 
a term with multiplicity at least mn — 1, as desired. Therefore I < m. Moreover, since S £ A(G), it 
follows that ^ £(/S"). In view of CLAIM C, we may assume every x\S' 2 is of the form y^ei + (1 + nq)e 2 , 
with q e [0,r7i - 1]. Let T = iri(S 2 ) G ^((ei)), and let H' = (ei, (1 + g77)e 2 ) = C m „ © C rn , where 
rn = ord((l + g77)e 2 ). If r < m, then noting that S' G F(H') with = 2mn-2 > mn + rTi-l = D(H'), 
we see that G S(S"), contradicting that 5 G .4(G). Thus we may choose e 2 to be (1 + g?7,)e2 while still 
preserving that (ei, e 2 ) is a basis, and so w.l.o.g. we assume q = 0. 

Since < m, it follows that IS^I = 2mn — in — 1 > 77777 + 77 — 1 > 77777 + 2 and 

(46) E(5i) = {er, 2e 1 ,...,(£n-l)e 1 }. 
Consequently, ^ S(S") implies 

(47) S„ m (S' 2 ) = £ mn (T) C A := {ei, 2ei, . . . , (77777 - £n)ei}, 
and thus 

(48) |E mn (T)| < 77777 - in = \T\ - mn + 1. 

Note h(T) = h(S < 2) < mn — 2, else the proof is complete. Thus we can apply Theorem 12 .7\ taking k = 3, 
whence it follows, in view of (|48]) and ^ £ mn (T), that |supp(T)| < 2. 

We may assume |supp(T)| = 2, else S" will contain a term with multiplicity |T| = 2m77 — in — 1 > 
77777 + 77 — I, contradicting that S G .4(G). Thus T = (ffoei) ni ((ffo + d)ei) ri2 for some go, d £ Z with 
cfoi 7^ 0. Since (ei, gaei + e 2 ) is also a basis for G, then, by redefining e 2 to be g$e\ +e 2 , we may w.l.o.g. 
assume go = 0. Thus 

(49) E m „(T) = B .= {mn — ni)de\ + {0, dei, . . . , (mn — in — l)de±}, 

which is an arithmetic progression of difference de\ and length 77777 — In (in view of ^ E nm (T)). In view 
of l|4T|l. we have B — A with 

2 < ?7 < \A\ = mn — in < mn — n < mn — 2. 

Thus dei = ±ei (as the difference of an arithmetic progression under the above assumptions is unique 
up to sign). Consequently, (|47|) and (|49|) imply that n\ = nm — 1 if de\ = e\ (since \S'\ < 2nm — 2), and 
that 77i = 77777 — in if de\ = —e\ (since \S'\ < 2mn — in). However, in the former case, e 2 has the desired 
multiplicity in S, while in the latter case, 772 = 2m77 — In — 1 — 771 = 77777 — 1, and thus de\ + e 2 = —e% + e 2 
has the desired multiplicity, completing the proof. □ 
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6. Proof of the corollary 

Let G = C ni © C„ 2 , with 1 < n\ \ ni, and suppose that, for every prime divisor p of n_, the group 
C p © C p has Property B. The assertion that C ni © C ni has Property B follows from the Theorem and 
from the following two statements : 

(a) For every n G [2,10], the group C n © C n has Property B: for n < 6 this may be found in [5j 
Proposition 4.2]; the cases n € {8,9, 10} (and more) are settled in pQ. 

(b) If n > 6 and C n © C„ has Property B, then Ci n © C2 ra has Property B (see Theorem 8.1]). 
Since C ni © C ni has Property B, the characterization of the minimal zero-sum sequences over G of 
length D(G) now follows from [THl Theorem 3.3]. □ 
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